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Mass Conserving Phenomena

Sources: https://en.m.w ikipedia.org/w iki/File:Flow _around_a_wing.gif
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Continuity equation

atpt(m) =—-V. ((Utpt):vmat < [Oa T]:
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Continuity equation

O¢ Dt (33) =

= —V - (vps), Ve, t € (0,T],
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Continuity equation

atpt(m) =—-V. ((Utpt):vmat < [Oa T]:

= fpt(ac) dx is conserved

= Pt and V¢ are coupled, as the evolution of Py
is determined by U¢
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Continuity equation

atpt(m) =—-V. ((Utpt):vmat < [Oa T]:

3tpt(33) =-V. (ft(m;pt)pt)avxat - [OaT]:

* f:(x;p;)is a given function depending on p;

« Many problems fall into this class of PDESs:
Wasserstein gradient flow, Fokker-Planck
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Self-consistency

S
N
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Self-consistency

/} pg
ng ft(az;pf)
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Self-consistency

T
Self-consistency loss:  L(6) := /0 Equf [H’Uf(X) — ft(X,pg)Hz] dt

uf : probability measure with density function pg

mzurICh Al for Science Seminar 09.06.2024



Iterative Method (SCVM)

Or+1 := 0 — NVo|o=0, F(0,0k),

9 L Network weights at iteration k

(9 . Variable of network weights
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Iterative Method (SCVM)

’ 9 9 0 2 0
:f fVept (z)||vf (z) — f ()| dz dt ft () == fi( X5 )
0
+z/ [ @t @) (w4@) - £2(a)) doat
—z/ [ @708 (@) 0 ) - f(2) da .
9 0 0 2 ] ) ) )
VQF(9,9k)=f ngpt"(a:)”vt (z) — tf»(a:)” dx dt Qk : Network weights at iteration k
0

9 . Variable of network weights

+2/ /pt 2)Jo0? ()T (00(z) — fO(z)) dz dt

_2/ /ptk(a: To %) T (00 (@) — f9z)) da dt.
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Iterative Method (SCVM)

:foV9P§($)||vf(:c) - ff(m)||2da:dt ft (z) 1= fi(X; pf)

0
+z/ [ @t @) (w4@) - £2(a)) doat
—z/ [ @708 (@) 0 ) - f(2) da .

VgF(O,Qk):f fVMx)”vf(g;) — fk(gj)||2d3; dt Qk : Network weights at iteration k
0

9 . Variable of network weights

+2/ /pt 2)Jo0? ()T (00(z) — fO(z)) dz dt

—2] /ptk(a: J){g(a: (v (z x)) dz dt.
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Iterative Method (SCVM)
VL(6) :fovepE(a:)va(:c)—ff(:c)||2dxdt f(x) = fu(Xsp))
0

o2 [ ' [$@ @) 02(@) - s (@) dza

9 /0 / P (2)Jo ()T (00 (z) — f2(z)) de dt.

T
VoF(0,0r) = 2/ /p?’f(:c)Jevf(w)T(vf(w) — fi(z)) dz dt 6. : Network weights at iteration k
0

/ 9 . Variable of network weights

Biased gradient estimator

09.06.2024 13

mzuriCh Alfor Science Seminar



Parametrization

Flow map: b, : Rd — Rd
e . Rd d
Velocity field: v: : R > R
Probability density: p: : R > R
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Parametrization - Normalizing Flows

Parametrized by the model:

Flow map: &, (a’;)

Retrieved by derivation:

Density: log Dt (.’L‘) = logpo( (w)) + log ‘ det J(I) ( )l

Velocity field: ~ vg(x) = 0 P4(P; ' ())
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Parametrization - Normalizing Flows

D, (xq) =|x

®,(xg) =|starting point + path of particle over t timesteps

dx

ve(x) = dt

t

o, (x,) = +j a
t\Xo) = X OdSS
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Parametrization - Normalizing Flows

Definitions:
dx
ve(x) = E
D, (xy) = +ftdx d
t\Xo) = Xp . ds S
o1 (x) = x,

mzuriCh Alfor Science Seminar

Proof:

Tdx
atfl)t(xo) = atxO + atJ d_ ds
o as

L dx

atCDt(xo) = 0+ atjo ds ds
dx
() = |—
¢ t(xo) dt
0 Pe(ro)) =|ve(x)

0: Py q;;l(x)) = ve(x)
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Parametrization - Normalizing Flows

log pi () = logpj(®; ' (x)) + log | det J®; ' ()]

ve(z) = 8;94(®; " (z))
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Parametrization - Normalizing Flows

Y1:d = yr

Yd+1:D = vy,
— Coupling Layer LT1:d = Xi

Ld+1:D — X

(a) Forward propagation
(a) Forward propagation Yi:d = T1:d
Yd+1:D = Td+1:D © €Xp (3($1:d)) + t(21.4)

(b) Inverse propagation
L1:d = Y1:d
Tat1:0 = (Ya+1:0 — t(y1:4)) © exp ( — s(y1:4))

Source: https://arxiv.org/abs/1605.08803 [Dinh etal. 2016]
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https://arxiv.org/abs/1605.08803

Parametrization - Normalizing Flows

Jacobian: L |
acobian: oxT yai?f diag (exp [s (z1.4)] )
Determinant: exp [Z; S (a:lzd)j}
Source: https://arxiv.org/abs/1605.08803 [Dinh etal. 2016]
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https://arxiv.org/abs/1605.08803

Parametrization - Normalizing Flows

Coupling layers Position after

A m timesteps

|

( |
NS G e By
e c
R O O IR R OROR

(® : Encoding of timestep m

Position at
timestep O

Source: https://arxiv.org/abs/1605.08803 [Dinh etal. 2016]
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https://arxiv.org/abs/1605.08803

Parametrization - Neural ODE

Parametrized by the model:

Velocity field: V¢ ()

Retrieved by derivation:
Flow map: O, (x) =x+ fo vs(Ps(x))ds

Density:  log py(®¢(x)) = log pi(z) — fo V - vs(®4(x)) ds
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Parametrization - Neural ODE

Position ¥ Velocity at
osition Position X at
timestep m
N a7 l
: : NP N
cmbedding o = Pl @
,‘V e
timestep m a7 P Lgi

\ _

" '/» {
Y\
/»‘/g\\

1//1 2 X N gzﬁ L X
_ IR O
Y N 5 N 'AL X
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Parametrization

Normalizing Flows Neural ODE
* Models the flow map * Models the velocity field
- Infeasable in higher dimensions * Uses numerical integration

Both inherently conserve mass
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Integration by parts trick [Hyvarinen and Dayan, 2005]

Recall:

€z
F(O, Qk) ZZ/ Equek [
0 t

Middle term:;

By [vf(X)T fu(X;pfh)]
For f+ of this form:

fi(xz; pt) = bs(x) — Di(x)V log ps(z)

v (X) — ft(X;pf’“)Hzl dt

Density for NODE parametrization:

log p(®:(x)) = log pj(z) — [y V - vs(®s(x))
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Integration by parts trick [Hyvarinen and Dayan, 2005]

Trick:

Eyx. o [vf (X) T ful(X; u?’“)] =Ey 0 [v¢(X) 0:(X)+ V- (D] (X)v{(X))].  (10)

Condition: f: depends on the density of [+ only through the score V log p;

For example, with f; to model the Fokker-Plank Equation
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Experiments — Ornstein-Uhlenbeck process

* The probability measure u; is known for any t in

—e— SCYM.TIPE closed form if pg is Gaussian
0| . .
g 10 * ADJ « Symmetric f-divergence
5 —e— JKO-ICNN-PD
g 107 JKO-ICNN « SCVM-TIPF more accurate than SCVM-NODE
o & . .
Lol N\ *— DFRE direct density access
10 \
v . _M—‘——“’__.
gw—s. I * Low training time
D] e « Higher dimensions

025 050 075 100 125 150 175 2.00
Time t (d = 10)

Di(p1 || p2) = Exep, (1080 0)=log p2(X))%/]

Symmetric f-divergence: ) . _
SymDy(p1,p2) == Dys(p1 || p2) + Ds(p2 || p1)
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Experiments — Ornstein-Uhlenbeck process

. SCVM-NODE « The probabil_ity measure i IS known for any ¢ in

—e— JKO-ICNN-PD closed form if uy is Gaussian

- JKO-ICNN . .

: « Symmetric f-divergence

210_2 « SCVM-TIPF more accurate than SCVM-NODE

S (direct density access)

§  Low training time

108, » Higher dimensions
10 20 30 40 50 60

Dimension d

Dy (p1 | p2) = Exrp,[(logri(X)-logp2(X))%/2]
SymDy(p1, p2) := Dys(p1 || p2) + Ds(p2 || p1)

Symmetric f-divergence:
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Conclusion

. 0
« Self-consistency: ¢

Q

Normalizing Flows

| ) N {- )
~ W),
(%)

« Parametrization: ® @ L © @]
A P NG

(a) Forward propagation (b) Inverse propagation

Source: https://arxiv.org/abs/1605.08803
[Dinh et al. 2016]

Ok+1 = 0 — nVolo=0,F(0,6k),

« SCVM: .
F.00 = [ By |[o£00 - Rxpt)

ETH:z(rich

Alfor Science Seminar

2
J .

Neural ODE

Residual Network ODE Network

5 5 T
4 4

3

Depth
w

N

1 2k

st T s 0 5
Input/Hidden/Output Input/Hidden/Output

Source: https://arxiv.org/pdf/1806.07366
[Chen et al. 2019]
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https://arxiv.org/abs/1605.08803

Conclusion

Ok+1 = Ok — NVolo=0, F (0, 0k),
« SCVM:

v (X) — fo(X;p2)

T 2
F(6,0,) = / EXN“%{ }dt.
O t
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Conclusion

Ok+1 = Ok — NVolo=0, F (0, 0k),
« SCVM:

v (X) — fo(X;p2)

T 2
F(0,0,) = / By o { } dat.
O t

— Discretization free
— Lower training time
— Scales well to higher dimensions
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Conclusion

Ok+1 = Ok — NVolo=0, F (0, 0k),
« SCVM:

F(GG)-—/TE 9(X) — fuX;pP
' Uk) = ) Xeoplk v (X)) — fu( apt)

2
J .

— Discretization free — No theoretical guarantees
— Lower training time
— Scales well to higher dimensions
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Additional Slides
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B Integration-by-Parts Trick

This is a common trick used in score-matching literature [Hyvérinen and Dayan, 2005].

Proof of Proposition 3.1. Fix t > 0. The form of f; in (4) is
fe(x; pe) = by(x) — Dy () V log pi(x).

Hence
By [0 T X 1] = B [0 (X)T0(X)] = By e [00(X) T Dy(X)V logp (X))

The second term can be written as

By ({007 DOV Ioga! (X)] = [ o) Dulo)Viogf (x) s (0)
- / o) Dy(2)V! (@)/p () - b (¢) da
/ v0(2) " Di(2)Vp! (z) dz

]v (1) "o (@) () d
Eyx. o [V (Dd(X) 0/ (X))],

where we use integration-by-parts to get the second last equation and the assumption that v¢, D, are
bounded and p?(z) — 0 as ||z|| — oo. O
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