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Sources: https://en.m.w ikipedia.org/wiki/File:Flow _around_a_wing.gif

Mass Conserving Phenomena
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Continuity equation
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Continuity equation
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Continuity equation
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is conserved⇒

⇒ and are coupled, as the evolution of 

is determined by



Continuity equation
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• 𝑓𝑡(𝑥; 𝑝𝑡) is a given function depending on 𝑝𝑡

• Many problems fall into this class of PDEs: 

Wasserstein gradient flow, Fokker-Planck



Self-consistency
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Self-consistency
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Self-consistency loss:

Self-consistency

: probability measure with density function 



Iterative Method (SCVM)

 

AI for Science Seminar 09.06.2024 10

: Network weights at iteration k

: Variable of network weights



Iterative Method (SCVM)

09.06.2024AI for Science Seminar 11

: Network weights at iteration k

: Variable of network weights
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: Network weights at iteration k

: Variable of network weights



Iterative Method (SCVM)
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Biased gradient estimator

: Network weights at iteration k

: Variable of network weights



Parametrization

Flow map:

Velocity field:

Probability density:
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Parametrization - Normalizing Flows
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Parametrized by the model: 

Flow map: 

Retrieved by derivation: 

Density: 

Velocity field: 



Parametrization - Normalizing Flows
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Φ𝑡 𝑥0 = 𝑥

Φ𝑡 𝑥0 = 𝑥0 + න
0

𝑡 𝑑𝑥

𝑑𝑠
 𝑑𝑠

Φ𝑡 𝑥0 = 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 + 𝑝𝑎𝑡ℎ 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑜𝑣𝑒𝑟 𝑡 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝𝑠

𝑣𝑡 𝑥 =
𝑑𝑥

𝑑𝑡



Parametrization - Normalizing Flows
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𝑣𝑡 𝑥 =
𝑑𝑥

𝑑𝑡

Φ𝑡 𝑥0 = 𝑥0 + න
0

𝑡 𝑑𝑥

𝑑𝑠
 𝑑𝑠

𝜕𝑡Φ𝑡 𝑥0 =  0 + 𝜕𝑡 න
0

𝑡 𝑑𝑥

𝑑𝑠
 𝑑𝑠 

𝜕𝑡Φ𝑡 𝑥0 =
𝑑𝑥

𝑑𝑡

𝜕𝑡Φ𝑡 𝑥0 = 𝜕𝑡𝑥0 + 𝜕𝑡 න
0

𝑇 𝑑𝑥

𝑑𝑠
 𝑑𝑠 

𝜕𝑡Φ𝑡 𝑥0 =  𝑣𝑡(𝑥)

𝜕𝑡Φ𝑡 Φ𝑡
−1 𝑥 =  𝑣𝑡(𝑥)

Definitions: Proof:

Φ𝑡
−1 𝑥 = 𝑥0



Parametrization - Normalizing Flows
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Parametrization - Normalizing Flows

AI for Science Seminar 09.06.2024 19

Source: https://arxiv.org/abs/1605.08803 [Dinh et al. 2016]

Coupling Layer

https://arxiv.org/abs/1605.08803


Parametrization - Normalizing Flows
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Jacobian:

Determinant:

Source: https://arxiv.org/abs/1605.08803 [Dinh et al. 2016]

https://arxiv.org/abs/1605.08803


Parametrization - Normalizing Flows
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Source: https://arxiv.org/abs/1605.08803 [Dinh et al. 2016]

… …

Position at 

timestep 0

Position after
m timesteps 

: Encoding of timestep m

Coupling layers

https://arxiv.org/abs/1605.08803


Parametrization - Neural ODE
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Parametrized by the model: 

Velocity field: 

Retrieved by derivation: 

Flow map: 

Density: 
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…

…

Position X
Velocity at 
Position X at 

timestep m 

Sinusoidal 

embedding of 
timestep m

……

……

…

Parametrization - Neural ODE
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Parametrization

Neural ODENormalizing Flows

• Models the flow map • Models the velocity field

• Uses numerical integration• Infeasable in higher dimensions

Both inherently conserve mass



Integration by parts trick  [Hyvärinen and Dayan, 2005]
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Recall:

Middle term:

Density for NODE parametrization:

For      of this form:



Integration by parts trick  [Hyvärinen and Dayan, 2005]
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Trick:

Condition: depends on the density of      only through the score

For example, with     to model the Fokker-Plank Equation



Experiments – Ornstein-Uhlenbeck process
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Symmetric f-divergence:

• The probability measure 𝜇𝑡 is known for any 𝑡 in 

closed form if 𝜇0 is Gaussian

• Symmetric f-divergence

• SCVM-TIPF more accurate than SCVM-NODE 

(direct density access)

• Low training time

• Higher dimensions
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Conclusion
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• Parametrization:

Normalizing Flows Neural ODE 

Source: https://arxiv.org/abs/1605.08803

[Dinh et al. 2016]

Source: https://arxiv.org/pdf/1806.07366  

[Chen et al. 2019]

• SCVM: 

• Self-consistency:

https://arxiv.org/abs/1605.08803


Conclusion
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• SCVM: 



Conclusion
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• SCVM: 

− Discretization free

− Lower training time

− Scales well to higher dimensions
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• SCVM: 

− Discretization free

− Lower training time

− Scales well to higher dimensions

− No theoretical guarantees

Conclusion
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Additional Slides
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