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Conventional solvers vs data-driven methods
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Conventional solvers

Examples:
Finite Element Methods (FEM)
Finite Difference Methods (FDM)

Trade-off:

Coarse Grids: Faster but less
accurate

Fine Grids: Accurate but slow

Challenge:

Complicated PDEs require fine
discretization to capture the
phenomenon

Data-Driven methods







Conventional solvers

Examples:
Finite Element Methods (FEM)
Finite Difference Methods (FDM)

Trade-off:

Coarse Grids: Faster but less
accurate

Fine Grids: Accurate but slow

Challenge:

Complicated PDEs require fine
discretization to capture the
phenomenon

Data-Driven methods







Conventional solvers

Examples:
Finite Element Methods (FEM)
Finite Difference Methods (FDM)

Trade-off:

Coarse Grids: Faster but less
accurate

Fine Grids: Accurate but slow

Challenge:

Complicated PDEs require fine
discretization to capture the
phenomenon

Data-Driven methods

Direct Learning:

Learn trajectories directly from
data

Better runtime

Challenge:

Classical Neural Networks (NNs)
still limited by discretization

Solution:

Develop discretization-invariant
Neural Operators (NOs)




- New neural operator

- Parametrize the integral kernel in the
Fourier space

Experiments on Burgers’ equation,
Darcy flow, and Navier-Stokes equation

- Three orders of magnitude faster

- Superior accuracy
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New neural operator




Key features

* Infinite-Dimensional Operator
e Unified Parameters
> Discretization-lnvariance

> Solution Transfer

e Data-Driven
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Experiments on Burgers’ equation,
— Darcy flow, and Navier-Stokes equation




M Navier-Stokes equation













fluids and turbolence (Reynolds number)
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: gradient

/\: Laplacian

: viscosity coefficient
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Fourier layer

Learn a mapping G'
GOAL Inputs a(x) € A = A(D; R%)
Outputs u(x) e U = ‘u(D; Rdu)
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OPERATOR LEARNING

Learn a mapping G7
GOAL Inputs a(x) € A = A(D; R%)

Outputs u(x) € U = U(D; R%:)



OPERATOR LEARNING

Fourier layer 1}—Fourier layer 2 Fourier layer T

Fourier layer

HOW Construct parametric map such that G4+ is as close as possible to G'.
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THE NEURAL OPERATOR

Lift input to higher dimension:
vo(x) = P(a(x))




THE NEURAL OPERATOR

Fourier layer 1 —Fourier layer 2 Fourier layer T

P:R% » R%, parametrized by a
Fourier layer shallow fully-connected NN

Multiple hidden layers
process hierarchical features




THE NEURAL OPERATOR

Fourier layer 1 —Fourier layer 2 Fourier layer T

Fourier layer

Iterative architecture;
vo(x) — ... » vr(x),x € R




THE NEURAL OPERATOR

Fourier layer 1 l!l

Iteration: v, — vq
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The output u(x) = Q(vr(x)),
Q: ]Rdv — ]Rdu



THE NEURAL OPERATOR

Lift input to higher dimension:
vo(x) = P(a(x))

P:R% » R%, parametrized by @
shallow fully-connected NN

Iterative architecture;
vo(x) — ... » vr(x),x € R

Iteration: v, — vq

The output u(x) = Q(vr(x)),
Q:R% » R%
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ComponenT-wISE OpEerations




Vi (X)) = o(Wo(x) + (FC(a; d)vy)(x)), Vx €D

o: R - R
Non-linear activation function

Component-wise operations

Fourier layer










Vi (X)) = o(Wo(x) + (FC(a; d)vy)(x)), Vx €D

o: R - R
Non-linear activation function

Component-wise operations

W:R% —» R
Linear fransformation
Spatial domain

Fourier layer
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7p1Co) = (W Ce) - @By D)u;)Ce)),

A X O = .L/S(’L’L’(@: RE), UD; M"))

Maps to operators on U(D; R%)
parameterized by ¢ € O




Vi (X)) = o(Wo(x) + (FC(a; d)vy)(x)), Vx €D

o: R >R

Non-linear activation function

Fourier layer

Component-wise operations

W:R% - R%
Linear fransformation
Spatial domain

K:AXOy — L(U(D; Rd”),’U(D; ]Rd”))

Maps to operators on U(D; R%v)
parameterized by ¢ € Oy



Component-wise parameterized by ¢ € 04
operations




o) = o) + (I (@, P)ve)(x))




NEURAL OPERATOR

vi1(x) = o(Wy(x) + (K(a; d)v,) (%))

(K (@ P)v)(x) = jD £(x,y,a(x),a(y); §)v.(y) dy



NEURAL OPERATOR

Vi1 (%) = o(Wr(x) + (K(a; $)v,)(x))

K (a; $)v,)(x) Linear integral operator
==J #(x,y,a(x),a(y); ¢)v(y)dy Neural Operator learns non-linear
D operators:
* Linearintegral operators
_|_
* Non-linear activation functions




NEURAL OPERATOR

Vi1(x) = o(Wr(x) + (K(a; d)vy)(x)) Removing dependence of a
+

fg(x,y,a(x),a(y)) = £y (x—y, alx),ay))

(K(a; p)v)(x) =
[, #(x,y,a(x),a(y); $)v.(y) dy

=» Convolution operator







CONVOLUTION THEOREM

Theorem

Removing dependence of a
+

fp(x,y) = fp(xX—y)

Fourier transform convolution =2 pointwise product Fourier transforms
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Theorem
Removing dependence of a

+
fp(x,y) = fp(xX—y)

r(x) ={ux*xv}x) = ju(x —1)v(t)dTt

Theorem

r(x) ={u*vi(x) = FH{U -V}
WhereU(f) £ Fluj(f); V(f) £ F{vi(f)
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APPLICATION

Theorem

Removing dependence of a
+ + r(x) ={uxvi(x) = F-YU -V}

fep(x,y) = Re(x—y) WhereU(f) £ Flui(f); V(f) £ Fwi(f)

(K (a; pv)(x) = [, £(x—y; Pve(y)dy = FH(F(Ly) - F(v))(x),
Vx €D



— directly parameterize #4 in Fourier space
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FOURIER INTEGRAL OPERATOR

(K (a; PIv)(x) = FHF (fg) + F () (x)
)

(K (a; §Ive) (x) = F~H(Ry - F () (x)

Assumed #4 periodic



FOURIER INTEGRAL OPERATOR

(K (a; PIv)(x) = FHF (£g) + F () (x)
)

(K (a; §Ive) (x) = F~H(Ry - F () (x)

(Tf)j(k) = ij(x)e—zl'n(x,k) dx
D
J

Fourier series expansion

l
Work with the discrete modes £, € 74



FOURIER INTEGRAL OPERATOR

(K (a; §Ive) (x) = F~H(Ry - F () (x)









(K (a; PIv) (x) = FH(F (k) - F(vr)) (x)



(K (a; P)v)(x) = FHF (£g) - F(vr)) (x)
l
(K (a; p)v)(x) = FTHRy - F(v)) (%)
l

Finite-dimensional parameterization = Truncating at k.,,



Ry - F(ve)

(K (a; p)v)(x) = FH(F(£y) - !
F(v:))(x) Point-wise multiplication
l +
(K (a; p)v,)(x) Lying in different dimensions
= P71 (Ry - F(v))(x) !
l Truncate higher modes of F(v;)
Finite-dimensional l

parameterization = Truncating dy
at Kimasx (R - (Tvt)) kil — z Ry 1, (Tvt)k,z
j=1



where: k € [— kmax/z, ...,kmax/z]




where: [ =1, ...,d,







— Physical space
l

Well-defined everywhere on R? + Consistent error at any

resolution




INVARIANCE TO DISCRETIZATION

(a) Burger’s Equation (b) Darcy Flow
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l
Uniform discretization is required




THE MODEL

il

* 4 Fourier layers
1-d Burgers’ equation

+ RelU
* 2-d Darcy Flow problem

+ Batch normalization
* 2-d Navier-Stokes equation

* 500 epochs

* Bayesian Inverse Problem

* Learningrate: 0.001, halved every 100
epochs


















SIMULATION

(c) Navier-Stokes

 With sufficient data:

S
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Parameters i v=1le-3 v=1le—4 v=1le—4 v=1e-5
T =150 T =30 T =30 T =20

N =1000 N =1000 N =10000 N = 1000
FNO-3D 6,558,537  38.99s
FNO-2D 414,517 127.80s
U-Net 24,950,491  48.67s
TF-Net 7,451,724  47.21s
ResNet 266,641  78.47s
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FOURIER NEURAL OPERATOR WINS!

(c) Navier-Stokes

——FNO-3D

—FNO-2D
ResNet

— ] SN O
I'F-Net

tive error

100 200 300 400 500

Epochs

Parameters i v=1le-3

50 30
1000 N = N = 10000
0.0086 . 0.0820
0.0128 1155 0.0834
0.0245 .20 0.1190
0.0225 2253 0.1168
0.0701 .2 0.2311




- Highly non-linear operators with high frequency modes and slow
energy decay




KEY FEATURES

Resolution-Invariant Solution Operator:

* First for Navier-Stokes equations in the turbulent
regime @

Shared Parameters:
* Maintains same learned network parameters

Capable of zero-shot super-resolution: E.‘ \ e !‘
* Training lower resolution = Evaluated higher ] ;& N ~N
resolution - \ “

a ¥d

Zero-shot super-resolution: Nav1er Stokes Equation with Reynolds number 10000; Ground truth on top and
prediction on bottom; trained on 64 x 64 x 20 dataset; evaluated on 256 x 256 x 80 (see Section 5.4).

Figure 1: top: The architecture of the Fourier layer; bottom: Example flow from Navier-Stokes.



KEY FEATURES

v

Initial Vortzczty

Prediction \
' k‘

Zero-shot super-resolution: Nav1er Stokes Equation with Reynolds number 10000; Ground truth on top and
prediction on bottom; trained on 64 x 64 x 20 dataset; evaluated on 256 x 256 x 80 (see Section 5.4).

Figure 1: top: The architecture of the Fourier layer; bottom: Example flow from Navier-Stokes.

Capable of zero-shot super-resolution:
* Training lower resolution =» Evaluated higher
resolution



