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Bayesian NN
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The Problem - Form of a general PDE

𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤
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𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

The Problem - Form of a general PDE
General differential 
operator

Boundary condition 
operator
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𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

The Problem - Form of a general PDE

Vector of 
parameters

Solution
𝑢(𝒙)

General differential 
operator

Boundary condition 
operator
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𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

The Problem - Form of a general PDE

Vector of 
parameters

Solution
forcing terms

𝑓 𝒙 , 𝑏(𝒙)
𝑢(𝒙)

General differential 
operator

Boundary condition 
operator
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𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

The Problem - Form of a general PDE

Domain

Domain 
boundary

Solution
forcing terms

Vector of 
parameters

𝑓 𝒙 , 𝑏(𝒙)
𝑢(𝒙)

General differential 
operator

Boundary condition 
operator
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Framework
What we have and what we are looking for.



𝒟 = 𝒟! ∪ 𝒟" ∪ 𝒟#

Dataset 𝒟 𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

𝒟1 = 𝒙1
2 , )𝑢 2

234

5!

𝒟6 = 𝒙6
2 , ̅𝑓 2

234

5"

𝒟7 = 𝒙7
2 , )𝑏 2

234

5#
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𝒟 = 𝒟! ∪ 𝒟" ∪ 𝒟#

Dataset 𝒟 𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

𝒟1 = 𝒙1
2 , )𝑢 2

234

5!

𝒟6 = 𝒙6
2 , ̅𝑓 2

234

5"

𝒟7 = 𝒙7
2 , )𝑏 2

234

5#

Measurements

)𝑢 2 = 𝑢 𝒙1
2 + 𝜖1

(2), 𝑖 = 1,2…𝑁1

̅𝑓 2 = 𝑓 𝒙6
2 + 𝜖6

(2), 𝑖 = 1,2…𝑁6

)𝑏 2 = 𝑏 𝒙7
2 + 𝜖7

(2), 𝑖 = 1,2…𝑁7
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𝒟 = 𝒟! ∪ 𝒟" ∪ 𝒟#

Dataset 𝒟 𝒩𝒙 𝑢; 𝜆 = 𝑓, 𝒙 ∈ 𝐷

ℬ𝒙 𝑢; 𝜆 = 𝑏, 	 𝒙 ∈ 𝛤

𝒟1 = 𝒙1
2 , )𝑢 2

234

5!

𝒟6 = 𝒙6
2 , ̅𝑓 2

234

5"

𝒟7 = 𝒙7
2 , )𝑏 2

234

5#

Measurements

)𝑢 2 = 𝑢 𝒙1
2 + 𝜖1

(2), 𝑖 = 1,2…𝑁1

̅𝑓 2 = 𝑓 𝒙6
2 + 𝜖6

(2), 𝑖 = 1,2…𝑁6

)𝑏 2 = 𝑏 𝒙7
2 + 𝜖7

(2), 𝑖 = 1,2…𝑁7

Hidden real Values Independent Gaussian
noises with zero mean
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Network
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Input 𝒙 ∈ ℝ$! Output ũ ∈ ℝ
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;𝑢(𝒙, 𝜽)

tanh
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Problem Approach



Problem approach

1. Assume Prior distribution

2. Compute Likelihood

3. Compute Posterior Distribution

4. Sample from the Posterior Distribution

5. Obtain statistics from samples

𝑃(𝜽)

𝑃 𝒟 𝜽)

𝑃(𝜽 | 𝒟)
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Problem approach

1. Assume Prior distribution

2. Compute Likelihood

3. Compute Posterior Distribution

4. Sample from the Posterior Distribution

5. Obtain statistics from samples

𝑃(𝜽)

𝑃 𝒟 𝜽)

𝑃(𝜽 | 𝒟)

𝜽 $
$%&
'

%𝑢(𝒙, 𝜽 $ ) $%&
'
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1. Prior Distribution
Gaussian Distributions with zero mean
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2. Likelihood
𝑃 𝒟 𝜽) = 𝑃 𝐷1 ∪ 𝐷6 ∪ 𝐷7 |𝜽 = 𝑃 𝒟1 𝜽)𝑃 𝒟6 𝜽)𝑃 𝒟7 𝜽)
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2. Likelihood
𝑃 𝒟 𝜽) = 𝑃 𝐷1 ∪ 𝐷6 ∪ 𝐷7 |𝜽 = 𝑃 𝒟1 𝜽)𝑃 𝒟6 𝜽)𝑃 𝒟7 𝜽)

𝑃 𝒟1 𝜽) = 𝑃 𝒙1
2 , )𝑢 2

234
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| 𝜽 =;

234
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exp −

A𝑢 𝒙1
2 ; 𝜽 − )𝑢 2
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2 =

𝑃 𝒟6 𝜽) = 𝑃 𝒙6
2 , ̅𝑓 2

234
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| 𝜽 =;

234

5"
1

2𝜋𝜎6
2 =
exp −

C𝑓 𝒙6
2 ; 𝜽 − ̅𝑓 2

=

2𝜎6
2 =

𝑃 𝒟7 𝜽) = 𝑃 𝒙7
2 , )𝑏 2

234
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| 𝜽 =;

234

5# 1

2𝜋𝜎7
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exp −
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2 ; 𝜽 − )𝑏 2

=

2𝜎7
2 =
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2. Likelihood Prior of 𝜽 is a 
Gaussian Distribution

𝑃 𝒟 𝜽) = 𝑃 𝐷1 ∪ 𝐷6 ∪ 𝐷7 |𝜽 = 𝑃 𝒟1 𝜽)𝑃 𝒟6 𝜽)𝑃 𝒟7 𝜽)

𝑃 𝒟1 𝜽) = 𝑃 𝒙1
2 , )𝑢 2

234
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| 𝜽 =;

234

5! 1

2𝜋𝜎1
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exp −

A𝑢 𝒙1
2 ; 𝜽 − )𝑢 2

=

2𝜎1
2 =

𝑃 𝒟6 𝜽) = 𝑃 𝒙6
2 , ̅𝑓 2

234

5"
| 𝜽 =;

234

5"
1

2𝜋𝜎6
2 =
exp −

C𝑓 𝒙6
2 ; 𝜽 − ̅𝑓 2

=

2𝜎6
2 =

𝑃 𝒟7 𝜽) = 𝑃 𝒙7
2 , )𝑏 2

234

5#
| 𝜽 =;

234

5# 1

2𝜋𝜎7
2 =
exp −

D𝑏 𝒙7
2 ; 𝜽 − )𝑏 2

=

2𝜎7
2 =
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2. Likelihood Prior of 𝜽 is a 
Gaussian Distribution

𝑃 𝒟 𝜽) = 𝑃 𝐷1 ∪ 𝐷6 ∪ 𝐷7 |𝜽 = 𝑃 𝒟1 𝜽)𝑃 𝒟6 𝜽)𝑃 𝒟7 𝜽)

𝑃 𝒟1 𝜽) = 𝑃 𝒙1
2 , )𝑢 2
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5!
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2𝜋𝜎1
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exp −

A𝑢 𝒙1
2 ; 𝜽 − )𝑢 2
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2 , ̅𝑓 2
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C𝑓 𝒙6
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2 =
exp −

D𝑏 𝒙7
2 ; 𝜽 − )𝑏 2

=

2𝜎7
2 =
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3. Posterior Distribution

𝑃 𝜃 𝒟 =
𝑃 𝒟 𝜃 𝑃 𝜃

𝑃(𝒟)
)− 𝑃 𝒟 𝜃 𝑃 𝜃 = 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 × 𝑝𝑟𝑖𝑜𝑟

Bayes’ Theorem

Equal up to a constant
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Sampling Approaches
HMC and VI



4. Posterior Sampling Approaches
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HMC - Hamiltonian Monte Carlo

• Complex probability distributions
• High-dimensional parameter spaces
• Hamiltonian dynamics

• Parameters of interest – positions
• Auxiliary momentum variable

𝜽
𝒓
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HMC - Setup

𝑃 𝜽 𝒟 %− 𝑃 𝒟 𝜽 ' 𝑃 𝜽

= exp ln 𝑃 𝒟 𝜽 ' 𝑃 𝜽

= exp ln 𝑃 𝒟 𝜽 + ln 𝑃 𝜽

= exp − − ln 𝑃 𝒟 𝜽 − ln 𝑃 𝜽

= exp −𝑈(𝜽)
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joint distribution𝝅	:

𝜋(𝜽, 𝒓)~ exp −𝑈 𝜽 −
1
2
𝒓>𝑴?4𝒓

Hamiltonian system:

𝐻 𝜽, 𝒓 = 𝑈 𝜽 +
1
2
𝒓>𝑴?4𝒓

Hamiltonian dynamics:

𝑑𝒓
𝑑𝑡

= −
𝜕𝐻
𝜕𝜽

𝑑𝜽
𝑑𝑡

=
𝜕𝐻
𝜕𝒓

𝑑𝒓 = −∇𝑈 𝜽 𝑑𝑡 𝑑𝜽 = 𝑴?4𝒓𝑑𝑡

HMC - Setup
𝑈 𝜽 = − ln 𝑃 𝒟 𝜽 − ln 𝑃 𝜽

𝑃 𝜃 𝒟 T−exp −𝑈(𝜽)
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joint distribution𝝅	:

𝜋(𝜽, 𝒓)~ exp −𝑈 𝜽 −
1
2
𝒓>𝑴?4𝒓

Hamiltonian system:

𝐻 𝜽, 𝒓 = 𝑈 𝜽 +
1
2
𝒓>𝑴?4𝒓

Hamiltonian dynamics:

𝑑𝒓
𝑑𝑡

= −
𝜕𝐻
𝜕𝜽

𝑑𝜽
𝑑𝑡

=
𝜕𝐻
𝜕𝒓

𝑑𝒓 = −∇𝑈 𝜽 𝑑𝑡 𝑑𝜽 = 𝑴?4𝒓𝑑𝑡

HMC - Setup
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𝑑
𝑑𝑡
𝐻 𝜽 𝑡 , 𝒓 𝑡

= @A
@𝜽 U

B𝜽
BC +

@A
@𝒓 U

B𝒓
BC

= − B𝒓
BC
U B𝜽
BC
+ B𝜽

BC
U B𝒓
BC

= 0



HMC 

Leapfrog integration

Metropolis Hastings
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HMC 

Source: Masfara, L. O. M., & Weemstra, C. (2024). Hamiltonian Monte Carlo to characterize induced earthquakes: Application to a ML 3.4 event in 
the Groningen gas field and the role of prior. Earth and Space Science, 11, e2023EA003184. https://doi.org/10.1029/2023EA003184
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VI - Variational Inference
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Results



The Network
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*
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.𝑏 = 𝐵!(*𝑢; 𝜆)

Prior: Independent 
Standard Gaussian
Distribution

Input

2 hidden layers of
width 50 Output
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Function regression

• BNN instead of B-PINN

• 32 training points 6𝑢 9 in −0.8, −0.2 ∪ [0.2, 0.8]

𝑢 𝑥 = 𝑠𝑖𝑛: 6𝑥 , 𝑥 ∈ −1,1
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BNN-GPR
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BNN-GPR BNN-HMC
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BNN-HMC BNN-VI
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From here on, B-PINNs 
instead of BNNs are used

37
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1D linear Poisson Equation

𝒩2 𝑢; 𝜆 = 𝑓, 	 𝑥 ∈ 𝐷
ℬ2 𝑢; 𝜆 = 𝑏, 	 𝑥 ∈ 𝛤

𝑢 = 𝑏	 𝑥 ∈ {−0.7,0.7}
𝜆𝜕23𝑢 = 𝑓	 𝑥 ∈ [−0.7,0.7]
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𝑢 = 𝑏	 𝑥 ∈ {−0.7,0.7}

1D linear Poisson Equation

𝜆𝜕23𝑢 = 𝑓	 𝑥 ∈ [−0.7,0.7]

potential field charge density

constant 
factor

differential 
operator

𝑢 𝑥 = 𝑠𝑖𝑛: 6𝑥
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PINN-Dropout 1% 𝜆𝜕$%𝑢 = 𝑓

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f
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B-PINN-VI

42

𝜆𝜕$%𝑢 = 𝑓

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f



B-PINN-HMC

43

𝜆𝜕$%𝑢 = 𝑓

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f



- overfitting can occur

- failing can occur- accurate and robust, 
even for noisy data
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1D nonlinear Poisson Equation
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PINN-Dropout 5%

46

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f



B-PINN-VI

47

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f



B-PINN-HMC

48

𝜖( , 𝜖) ∈ 𝒩(0, 0.01*)

𝜖( , 𝜖) ∈ 𝒩(0, 0.1*)

u f



- overfitting can occur

- failing can occur- accurate and robust, 
even for noisy data
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- overfitting can occur
- noise can have little influence on 
(un-)certainty

- failing can occur
- unreasonable 
uncertainty at the 
boundaries

- accurate and robust, 
even for noisy data
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1D nonlinear Poisson Equation
– inverse problem
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1D nonlinear Poisson Equation
– inverse problem

B-PINN-HMC B-PINN-VI PINN-Dropout
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1D nonlinear Poisson Equation
– inverse problem

Exact value for k is 0.7

quite accurate, 
reasonable uncertainties

higher error than HMC, 
reasonable uncertainties

higher error than HMC and VI,
unresonable uncertanties
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- overfitting can occur
- noise can have little influence on 
(un-)certainty

- failing can occur
- unreasonable uncertainty 
at the boundaries

- accurate and robust, 
even for noisy data
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- overfitting can occur
- noise can have little influence on 
(un-)certainty 
- noise can also have unreasonable 
influence on (un-)certainty of the 
model

- failing can occur
- unreasonable uncertainty 
at the boundaries
- higher error than HMC

- accurate and robust, 
even for noisy data
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- overfitting can occur
- noise can have little influence on 
(un-)certainty 
- noise can also have unreasonable 
influence on (un-)certainty - failing can occur

- unreasonable uncertainty 
at the boundaries
- higher error than HMC

- accurate and robust, 
even for noisy data

Open problems:
- Choice of e.g. prior distribution

- Big data case 56



57https://www.sciencedirect.com/science/article/abs/pii/S0021999124002559


