EPFL Summer School on Data Science, Optimization and Operations Research
August 15-20, 2021

Lecture 5: RL from Game Perspectives

Niao He, D-INFK, ETH Zurich



Recap: Reinforcement Learning Approaches

- Value-based RL

o Estimate the optimal value function Q*(s, a)

: o Example: Q-learnin
Value-based Policy-based ple: Q ¢

Optimization- centric

« Policy-based RL
o Search directly the optimal policy T*(- |s)
o Example: Policy Gradient Method

Model-based « Model-based RL

o First estimate the model P, R and then do planning



Future of Al

“Minimization is to current Al,

is to future Al”

S

Min-max Optimization

Equilibrium Learning




Outline of Lecture Series

Lecture 5 '

RL from Game Perspectives

John von Neumann

- min max f(x
Zero-sum game ~ Iin max f(z,y) J

Stackelberg géi;rclf ()
game s.t. y € argminyeyg(fﬁ, y)




Outline of Lecture Series

* Capture many RL algorithms

* Widespread in many RL settings : imitation
learning, multi-agent RL, meta-RL, etc.

* Profound applications in OR/ML domains: robust
optimization, GANs, etc.

- min max f(x
Zero-sum game ~ Iin max f(z,y) J

Stackelberg D f (,9)
Lecture 5 RL from Game Perspectives game s.t. y € argmin, ey g(z,y)




Actor-Critic RL

m;LX VT (,U) — ]E,LL[<Q9*(7T)7 7T>]

s.t. 0*(m) € argmin ||Qg — R™ — vP™Qgl| -
g cRd a

Qo(s,a) = ¢(s, a)TQ or neural nets

Really bad
action

a

Actor Critic

I rotate
the piece




Imitation Learning

Reinforcement learning

° receive reward as a feedback signal
° |learn from interaction

Imitation learning

> receive no feedback signal

o |earn from expert demonstrations

- Expert’s trajectory
Learned Polic
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Inverse Reinforcement Learning

maxmin Erlc(s, a)] — Erp|c(s, a)] — H()

Expert policy: g

Entropy: H(7) := E,|[— logm(al|s)]



Two Player Markov Game

MDP Setting:

(e]

(e]

(e]

Shared states € S
Joint action (a, b) € A; XA,
Transition probability: P(s’[s, a, b)

Rewards: r;(s,a,b) = —n,(s,a,b) = r(s,a,b)

VLT (g) =

E
at~m1(-|st)
be~ma(+|st)

st+1~P(-|st,at,bt)

|

0.
Z V'r(se, ag, be)|so = s
t=0

|

Policies: m; (als), m, (b|s)
Agent 1 wants to minimize its value function

Agent 2 wants to maximize its value function

min max V™™ () = Eg, [V ()]

1 T2




Equilibrium

min max f(x,y)

(Zero-sum game)
reX yey

Nash equilibrium

(x*,y*) € XXY is a Nash equilibrium if
Vx eX,y€eY:

f5y)<fx5y") < fxy")

(Stackelberg game)

iy f(z,y)

s.t. y € argmin, .y g(7,y)

Stackelberg equilibrium

Best response to best response: Vx € X

. e
e *)f(x ,y)_yergg(lx)f(x,y)

BR(x) ={y:g(x,y) = g}g;g(x, v}




The golden case

(Zero-sum game)

bl s il )

Minimax Theorem
(von Neumann 1928)

If X and Y are convex and compact, f is
continuous, convex in x, concave in y, then

minmax f(x,y) =maxmin f(x,Vy).
XEX YEY f( y) yeY x€eX f( y)

(Stackelberg game)

min f(z,y)

s.t. y € argmin, .y g(7,y)

Existence of
Stackelberg equilibrium

A Stackelberg equilibrium exists if f, g are
continuous, X and Y are compact, and g(x,-)
is strictly convex for all x.

See e.g., (Basar & Olsder, 1998)
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Three critical regimes

(Zero-sum game):

min max f(z,y)

(General-sum game):

min f(z,y)

s.t. y € argminyeyg(%y) )

Convex-Concave

Extensive literature

Bh & b L o - o o &

Nonconvex-Concave

Many recent literature

Nonconvex-Nonconcave

Few literature

[Bauso et al. 2017]
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Convex-Concave Min-Max Optimization

Minimization Min-Max Optimization
r)pel)r(l f(x) min max f(x,y)

XeEX yeY
x* is a minimizer if Vx € X i (x,y) is a saddle point if
fx") < fx) — efinition 1 == " r(x*,y) < flx*y") < f(x,y%)

Vx € X:

S—— Vx € X, y eEY:
ptimality __J .
VF(x)T(x—x*) =0 Condition Vef (x*,y%) ] [X —X ]
_fo(x Y )
o Esad(x Y)
€min(x) = f(x) — f(x") | __ Accliiacy — =maxf(x,y) - min f(x )
Measure yIey
* Gradient descent First-order * Extragradient methods
* Nesterov’s acceleration &= Methods =% |« Primal dual methods
* Many SGD variants

* Fewer SGD variants
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A Unified Variational Inequality Framework

VI(Z, F) Find z* € X : (F(z%),z—2z") >0,Vz € Z

« Convex Minimization

IIéi)I(l f(z) <= VI(Z,F) withz=2;7Z = X; F(z) = Vf(x)

- Convex-concave saddle point problems

ar:%i)rfl 1;16?1}3( flx,y) <= VI(Z, F) with z = (x,y); Z = XxXY; F(z) = [ V;cf(x,y))]

« Convex Nash equilibrium problems

K
min fi(zs;2-i),0=1,..., K <= VI(Z, F) with z = (21,...,2x); Z = 1T X, F(2) = [Vo, fi(zi;2-4)]
T €Xg i=

For convex problems, the operator F is monotone.

K
=1

13



Solving VI with monotone operator

Algorithm Iteration Assumption Convergence rate
Projection method Zi1 = Uy (2, — nF(z4 Lipschitz _t
[Sibony’70] + ( g ( )> + Strong Monotone 0(e™)
Extragradient method z: = llz(zy —nF(z¢)) sl 0(1/t)
[Korpelevich’76] . ~ .
[Nemirovski’04] ziv1 = gz (ze — nF(z)) + Pseudo Monotone (ergodic)

Proximal point method .
[Martinet'70] Zi4q1 = solution to VI(X, F aF 77([ — Zt))
[Rockafellar’76]

(Strong) Monotone

0(1/t) or0(e™®)

Monotonicity: (F(z) — F(z'),z—2z') > 0,vz,z' € Z
Strong monotonicity: (F(z) — F(z'),z—2z') = u||z — Z'|

Pseudo monotonicity: (F(z"),z—2z'Y > 0= (F(z2),z—2') = 0
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Algorithms for Min-Max Optimization

min max f(x,y) <= VI(Z, F) with z = (x,y); Z = XxY; F(z) = [
reX yeyYy

(for simplicity, assume unconstrained):

Gradient Descent Ascent (GDA): Zi41 = 2z — NF(2)
Proximal Point Algorithm (PPA): Zi41 = Zt — 77F(Zt+1)
Extragradient method (EG) Zi11 = Zy — 77F(Zt — 77F(Zt))

Optimistic Gradient Descent Ascent (OGDA):  zyy1 = z¢ — N(2F(z¢) — F(z4—1))
Reflected-Forward-Backward Splitting (RFBS):  Z¢411 = 2t — nF' (22 — z4_1)



GDA vs. Extragradient Method

| Extragradient method

205 00 s Y

« GDA with a constant stepsize could diverge or oscillate in cycles for bilinear problems.
« GDA with a decaying stepsize converges, but slower than extragradient.

« Last iterate of extragradient converges slower than the average solution. [Golowich et al, 2020].

*Figure source: Hsieh, Mertikopoulos, Cevher. The limits of min-max optimization algorithms. ICML 2021.
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Recent Advance

- For convex-concave min-max optimization, the VI perspective might not capture refined structure.
> Strong convexity: p,-(strongly)-convex, p,-(strongly)-concave

o Lipschitz constants: L,,, Ly, L

xXyr=yy

° Linear coupling term

- Achieving the optimal complexity in each setting requires more sophisticated algorithms.

Problem Class Lower Bound (near)-Optimal Algorithm
(smooth objective) (duality gap) P &

Extragradient / Mirror Prox/OGDA
T2 S T O(L/e) [Nemirovski’2004; Daskalakis et al., 2018]
Stronelv-Convex- 0( /Kx/E) DIAG/Minimax-APP/Catalyst
Concagv‘e, [Ouyang and Xu, 2019] [Thekumparampil et al. 2019; Lin et al. 2020;

Yang, Zhang, Kiyavash, H., 2020]
Strongly-Convex- 0 (\/ KxKylog1/ E) Mini[rl?ax-,tb‘:r g/ocza(’;alyst

in et al. ;

Strongly-Concave [Zhang et al 2019] '

Yang, Zhang, Kiyavash, H., 2020]
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Notions of Optimality

Global solution:
- Global Nash equilibrium does not always exist.
- Even if it exists, finding global Nash equilibrium is NP-hard in general; indeed, PPAD-complete [Daskalakis et al. 2008]

- A global minimax point (Stackelberg equilibrium) always exists, but finding it is also NP-heard.

Local solution:
« Local Nash equilibrium may not exist in general. Example: f(x,y) = sin(x + y). [Jin et al. 2020]
- Even local minimax points may not exist. Example: f(x,y) = y? — 2xy. [Jin et al. 2020]

- The computation of such a point, even if exist, is also NP-hard. [Daskalakis et al. 2020]



Nonconvex-Concave Min-Max Optimization

Nonconvex Minimization

- e-stationary point:
IVf(z)]] < e

- Gradient Descent:

Tip1 = ¢ — NV f(24)

- Convergence [Nesterov, 2004]:

T(e) = O(¢/e?)

Nonconvex-Concave Minimization

minmax f(x,y)
T

e-stationary point:
V@)l < & ¢(x) = max f(z, y)

Gradient Descent Ascent:
Ti+1 = Tt — nxvmf(xtv yt)
Y11 = Yt T+ nyvyf(xta yt)

Convergence [Lin, Jin, Jordan, 2020a]:

r(e) = {062/ NCsC
Y70 NC-C
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Where does GDA dynamics converge to?

Y = 77y/77x

v-GDA

Local

Nash
Local

Minimax
(co-GDA)

Local
Maximin

[Daskalakis and Panageas, 2018; Jin et al., 2020; Fiez and Ratli, 2020]
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Can we improve over GDA?

« Yes!
+ For example, Minimax-PPA [Lin, Jin, & Jordan, 2020b]: O —3— log’

Algorithm 5 MINIMAX-PPA(g, X0, y0, ¢, fty.€,T)
I: Input: initial point xo, yo, proximity ¢, strongly-convex parameter i, tolerance 9, iteration 7".
. Initialize: set 0 «

e € \2
(10ky )30 (E) :
3: fort=1,---,Tdo
denote g;(-, -) where g;:(x,y) := f(x,y) + £||x — x¢—1

2
3

4 ; 2.
50 xy < MAXIMIN-AG2(g¢, X0, Y0, 3¢, 4, 11,0). Algorithm 3 MAXIMIN-AG2(
6

7

8

9

9,%X0,Y0, ga Hxs [y 6)

ye <y + 00yt — yi-1). . repeat
Xt <_AGD(g('vyt)vx()~,€7ﬂxag)' t+—t+1

2
3
4
cuntil ||y, — Py(ye + nVyg(xe,y0))[|* < (omrgyrr 18 satisfled. 5 o Pr[fect — 1V g(Re1)]-
6
7
8

: end for ) 1: Input: initial point X¢, yo, smoothness ¢, strongly convex module fix, 11y and tolerance € > 0.
. sample s uniformly from {1,2,--- T'}. ». Initialize: ¢ 0. %0 < e 1 o L Lo WL o .
' ¥s  AGD(~f(xs, ), y0,6, 1,0). 3: r:]l);:tlze. X0 ST X0 e Fox T g Ry Ty T Jrxry 117 € 7 ([T0rxry)7"
: Output: (x,ys). 4 bt Algorithm 1 AGD(g, X, X, 4, 1, €)
50 X4—1 < AGD(g(-,¥1-1), X0, ¢, fix, €). 1: Input: initial point xg € &X', smoothness ¢, strongly-convex module y and tolerance € > 0.
6: ¥yt Pylyi—1 +nVyg(Xe—1,¥1-1)]. - Inmitialize: sett < 0, X < X0, 7 < 1/¢, k < {/p and 6 < ﬁﬁ
7
8:
9

—_
(=]

: Output: PX(Xt - (1/2Hy€)vxg(xt7yt))' it — Xt + O(Xt — Xt—l)-

cuntil [[x; — Py (x¢ — nVg(x:))|]? < 57 (1S satisfied.

: Output: Py (x; — nVg(xt)).

- But wait, is this desirable for practical implementation?
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A Better Recipe: the universal Catalyst framework

- |dea: dual PPA acceleration + existing method M for SC-SC (such as extragradient method)

Algorithm 1 Catalyst for Minimax Optimization
:forallt=1,2,....,7 do

Set 2; = evr—1 + (1 — 1e)ye—1
Apply existing method M to find an inexact solution (z;,y;) to the problem:

mingex maxyey | fi(z,4) = f(@,9) + Flz - zll? - Zly - 2]

Ve = Y1 T a%(yt — Yt—1);

SO

e

5: end for
Setting Choice Catalyst + EG SOTA complexity Lower bound
SC-SC Te = 0,7y = iz — iy O (\//ﬁxliy log(l/e)) O ( [FoxFiy logg(l/e)) O (\/Hxlﬁiy log(l/e))
SC-C = 0,7y = o O (/5 €log(1/e€)) O(Vrafelog®(1/e))  O(Vka/e)
NC-SC  Te=26LTy=L—py  O(Vre?) O(Vre 2 log?(1/e)) O(Vke?)

NC-C To = 20,7y = ¢ O (2 °log(1/e)) O (e 1og?(1/e)) N/A
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Toy Example

—§cosm—%x—i7r for z < -7,
min max f(x,y) = F(x) 4+ 10xy F(z) ={ —cosz for -2 <z<1Z,
vy —3cosz+ 3z — 3w forz > Z.

2 £ T T T
L —GDA |
e —Cat-GDA'
S 10" :
I
Q0 ‘
8 1 00 g : —Catalyst-GDA
; \\N V77 * Initial
© \\\\\‘\ Ui e Firt1:I-GDA
5 | | | ‘ ‘ ./, |eFinalCatalyst-GDA
i 0 500 1000 1500 2000 -30 -20 -10 0 10 20 30

Oracle Number X

GDA and Catalyst-GDA with constant stepsizes
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Nonconvex-Nonconcave Min-Max Optimization

« In general, finding a first-order local Nash equilibrium is NP-hard.

«  What should be a reasonable goal here?

o Route 1: Efficient non-polynomial algorithms that converge to local Nash?
° Route 2: Weaker solutions such as first-order stationary points?

o Route 3: Special structure?

(Lojasiewicz conditions, pseudo-monotonicity, variational coherence, interaction dominant regime, etc.)
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Two-sided PL Conditio

[Yang, Kiyavash, H., 2020]

50 -

ns

|v£Bf L,y ||2 > 2/11

IV, f(z, )| > 2p1z[max f(z,y

sl
S
s
A |"||‘|l||i| iy
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A s,
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z,y) = x + 3sin® i

Wiy
T
Y

Wi T
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TR

n?y — 4y? — 10sin’ y

LY
L,y
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Two-sided PL Conditions

- Alternating GDA converges linearly to a global minimax point. [Yang, Kiyavash, H., 2020]
- Application | : Imitation learning for linear quadratic control (LQR)

« Application ll: Zero-sum linear quadratic game (LQG)

I{nir]} r{naic E;, [Z r! Qs + ui R%up — foR”fUt}
wer t=0

S.t. Li41 = ACUt + But + C’Ut

K. Zhang, Z. Yang, and T. Basar. Policy optimization provably converges to Nash equilibriain zero-sum linear quadratic game. 20109.
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One-sided PL Condition

IVyf(@, ) > 2p[max f(z,y) = f(z,y)

Alternating GDA converges to an e-first order equilibrium point within O (x? /€) iterations.

[Yang, Kiyavash, H., 2020]

10
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Interaction Dominance

[Grimmer et al., 2020] min max L(z,v) = f(z) + 2’ Ay — g(y)

rER™ yeR™
AAT ‘ AT A
f(x) + o = 2 — >
\Y4 f(r)+2(,8+p) = al (or Vg(y)+2(5+p)_a1>

(a) A=1 (b) A=10 (c) A =100

Proximal point algorithm: local linear convergence, divergence, global linear convergence

Grimmer et al. The landscape of proximal point methods for nonconvex-nonconcave minimax optimization. 2020
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Open Questions

- Much work needs to be done in the nonconvex-(non)concave regime.

> Second-order method for local Nash equilibrium or local minimax points?
o Stochastic and adaptive methods?

° The landscape of the stable limit points for different algorithms?

> Avoid spurious critical points?

> |Information-theoretic lower bounds?

> Fund tal limits of single-| lgorithms?
undamental limits of single-loop algorithms LOADING. ..

° Leverage stochastic dynamics for global optimality? _ )
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Back to Reinforcement Learning

« Primal-dual RL
« Actor-critic RL

« Inverse RL

- Multi-agent RL

Zero-sum game
Stackelberg game
Repeated game
Markov game




LA FIN

Psychology

Operations
Research

Data Science

Reinforcement
Learning

Economics

Neuroscience

Engineering

31



Acknowledgement

Semih Cayci Donghwan Lee Bo Dai R. Srikant
(UIuC) (KAIST) (Google Brain) (UIUC)

Junchi Yang Siqi Zhang Negar Kiyavash
(ETH Zurich) (UIUC) (EPFL)

And many other collaborators!

DI

OPTIMIZATION & DECISION INTELLIGENCE

32


https://odi.inf.ethz.ch/

