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Recap: Reinforcement Learning Approaches

- Value-based RL

o Estimate the optimal value function Q*(s, a)

o Example: Q-learning

Value-based Policy-based

« Policy-based RL
o Search directly the optimal policy ©* (- |s)
o Example: Policy Gradient Method

Model-based « Model-based RL

> First estimate the model P, R and then do planning

What are the convergence behaviors of these algorithms?



Outline of Lecture Series

Focus:
Convergence analysis of policy-based methods

o Policy gradient method

o Natural policy gradient method

o Variants w/o function approximation

RL from Optimization Perspectives o Variants w/o entropy regularization
- Policy-based RL

Lecture 3

Remark:
- Assume access to exact or stochastic gradient
- Exploit geometry and structure of RL objective
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Gradient-based algorithms:
X1 = X + @ (V(xp) + €x41), k= 0,1, ...




Notation Recap

MDP (S,A, P,R, u,y)

State value function:

V™(s) = E, [ZmovtR(st, at)|sg = 3}

t=

State-action value function:

Optimal value function:

Optimal policy:

Bellman equation:

Bellman optimality:

Policy gradient:

State visitation distribution:

Q"(s,0) =B [ >~ 4'R(st,ar)ls0 = 5,00 = a

t

V*(s) = max V7(s), Q*(s,a):= max Q7 (s,a)

7" (s) = argmax Q (s, a)
acA

V7™(s) = anﬂ'(s) [R(Sa a) + FYES’NPHS,CL) vﬁ(s/ﬂ

Q" (5,a) = R(5,0) + Eqjs.a[7max Q*(s', )|

V™ (1) 1

B0 T 1oy enditanmoCls) [Q™(s,a)V log mo(als)]

@5(8) = Evgrs [(1 =)D, 7" Plsi = slso, m)]




Policy Optimization

o =K
max V™ (u)

(©.@)
> AFr(sk, ak)‘SO ~ iy Sk ~ P(:|sk, ak), ag ~ 7Te('|8k:)]
k=0

Tabular MDPs

Direct
Parametrization

mo(als) =054
0 e A(A)IS!

Softmax
Parametrization

exp(fs.q)

molals) = >0 €Xp(0s,q)

Function Approximation

Log-linear Policy

exp(¢(s, a)"0)

mo(als) =

> exp(9(s,a)T0)

Neural Policy

exp(fo(s,a))
>_a exp(fo(s; a))

fo(s,a) is a neural network

mo(als) =




Policy Gradient Methods

o =K
max V" (p)

O
kar(sk,ak)‘so ~ b, Sp1 ~ P(:|sk, ak), ar ~ 7T€('|5k)] J

k=0

Policy Gradient Natural Policy Gradient
(Kakade ‘01)
Oir1 = 0y +1: VoV 7% (1) J Or1 = O +ne[G0 ()] TV Vo (N)J
J J
Fisher information matrix Softmax NPG = soft policy iteration = Mirror Descent

G™ (1) = E gm0 qrmy(]s) (Vo logmg(als))(Velogm(als))T] Ter1(als) o< me(als) exp(n:Q@™ (s, a) /(1 — 7))



Non-concavity

The objective is non-concave for direct or softmax parametrization. [Agarwal et al. 2020]

V™(sy) = m(right|s;) m(up |s3) - r

o e gright, S1 e Qup, So
() — o .
4 (Sl) eeright,sl + eeup,sl eeright,sz + egup, S2 r
0 = (Hright, Sy’ Qup, 517 Qright, Sp? Hup, 52)
11
0, = (log1,log3,log3,logl), V™1 (s;) = 227
VTL'Q TTg
0, = (—log1,—log3,—log3,—log1),V™02(s,) = %- %- A 1(51) ; Vv72(s1) — gr > V7 (s4)

N | =

1
=1
2

6 = (0,0,0,0), V™ (s1) =




A Refresher on Nonconvex Optimization

Local minima = Global minima

7y ,'e,s

lfzf

llfif

Loca

\
‘ \“ 1
m\\"&"

| minima




Gradient Descent

min f(z)

Assume f(x) is L-smooth, namely [|[Vf(x) = Vf(y)|| < L||x — y||.

Gradient Descent:
1

Lt+1 = Tt — ZVf(CCt)

Convergence to a stationary point [Nesterov, 2004]:

min_ [ () < 22D

.....

_ 1
Descent property: flaze) = fleen) 2 o7 IV f ()3
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Stochastic Gradient Descent

min f(z) = E[F(z,¢)]

T ER™
Assume f(x) is L-smooth and E||VF (x, &) — Vf(x)||* < a2.
Stochastic Gradient Descent:

LTi4+1 = Tt — ﬁtVF(iEt, 575)

Convergence rate:

n {7 77 )
=min< —, ——
Ur i3 0%?

E[||Vf(2r)]"]

<2 (W=t , 1)

° Here X1 is selected uniformly at random from {x;};—; .7
> Sample complexity: O(e~*) samples to find a point x with E||[Vf (x)]|| < e.
> Lower bound: O(ALo?e~*) stochastic oracle queries [Arjevani et al., 2019]
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Proof of SGD Convergence

]E[]_C(xt—l—l) 5 f(flft)]

L
Vf(ze)" (wep1 — ) + §H$t+1 = xtHﬂ

L

7 LU? 2
—meV f(xs)" VF (24, 7¢) + THVF(%,@)H ]

Lo*n;

< —(m — L 2BV f (=)I° + —

L0277t2

< —PE|Vf(@)I + =

2(f(z1) — f(*)) + Lo® 3, n?
2321 UL

E|VF(@r)|* <

Smoothness of f(x)
Definition of x;, ¢

Use E(X?) = E(X)? + V(X)

1
Usen, < =




Variance-reduced SGD

min f(z) = E[F(z,¢)]

T ER™

- Assume f(x) is L-average smooth and E||VF (x, &) — Vf(x)||? < o2.

- SGD with variance-reduced recursive gradient estimator:
Ti+1 = Tt — MG,

[ ko VF(z,8D), if t = 0(mod Q);
It (1— ) (gt_l -5 Eszl VF(x;_1, §f)) + 5 Zle VF(x:,£EF), otherwise,

o Special cases: SPIDER [Fang et al., 2018], SARAH [Nguyen et al., 2017], STORM [Cutkosky & Orabona, 2019]
> Sample complexity: O(e~3) samples to find a point x with E||Vf(x)]| < e.
> Lower bound: O(ALoe™3 + o2€~2) stochastic oracle queries [Arjevani et al., 2019]
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Convergence to global optimum under KL inequality

Under some “convex-like” assumptions, GD/SGD could converge to the global optimal solution:

- Kurdyka-Lojasiewicz inequality (p < 1)

VFCOI =C-(f(x) = )P, wx

- Polyak-Lojasiewicz condition (gradient dominance): p = S
o GD converges linearly to the global optimum. [Polyak, 1963]
- Weak Lojasiewicz condition (weak gradient dominance): p = 0
o GD converges to the global optimum in the order of O (%) . [Nesterov, 2004] g
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Back to Policy Gradient Methods

« Policy Gradient Theorem:

V™ () 1

58 = T Bendi anmol (@ (8,0)V log mo (als)]

- Construction of unbiased Monte-Carlo policy gradient: sample {s¢, a¢}¢=1 .y ~ Pﬂné’

(©. @)
QWG (Staat) = ZWt _trr(st’ﬂat’)

=i

ﬁ/?9(,@ = Z Vtéﬂ\@@ta at)V log mo(ar|st)

t=0

- In general, only convergence to a stationary point when using GD/SGD methods.
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Recent Breakthrough on Global Convergence of PG and NPG

Tabular setting + softmax parametrization + exact gradient

[Bhandari and Russo, 2019; Mei et al., 2020&2021; Agarwal et al., 2020; Cen et al., 2020; Lan et al., 2021, ...]
o 0(1/T) rate of PG and NPG [Mei et al., 2020]

o 0(exp(—T))rate of PG with entropy regularization [Mei et al., 2020]

o 0(exp(—T)) rate of NPG with entropy regularization [Cen et al., 2020]

o 0(exp(—T)) rate of NPG with general convex regularization [Lan et al., 2021]

o O(exp(—T)) rate of normalized PG [Mei et al., 2021]

Linear function approximation setting + exact gradient

[Agarwal et al., 2020; Wang et al., 2019]

o 0(1/\/7_") rate of NPG with log-linear policy

o 0(exp(—T)) rate of NPG with entropy regularization [Cayci, H., Srikant, 2020]
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Key insight behind the convergence of PG

Performance Difference Lemma [Kakade & Langford, 2002]

0 ' 1 '
Vv (”) -V <,LL) — :ESNCZW ar~(-|s) [A (87 CL)]

Policy gradient with softmax tabular parametrization [Agarwal et al. 2020]

V™o (1)
90,, 1—~

—— 4, (s)ma(als)A™ (s, a)

Lojasiewicz inequality condition [Mei et al., 2020]:

ming g (a*(s)|s)

~ VS |ldr /i s

12 V() = Vo ()

00

AT (s,a) =

mo(als) =

Q" (s, a) —

exp(s

a)

> o exp(ls.a

)

V7(s)



Proof of Performance Difference Lemma

Proof:

V™(s) = V™ (s)

E;pr= (7|so=s)

]ETNPr"’ (7|so=s)

Erprr (7|s0=s)

]ETNPr" (7|so=s)

E;prr (7|so=s)

E;pr= (7|so=s)

=0
" oo

Z'yt (r(st,at) +V™ (8¢) — V"'(st)> V™ (s)

2T (T(St,at) + V™ (8e41) — V"'(St))

| ¢

L =0

[ oo
> A AT (s, at)] =
| =0

2 - (Qﬂ’(st, ay) —

’)’t (T(St, at) + ’)’E[Vﬂ’, (.S't+1 )ISt, (Lt] <2 V’r,(s,,)):|

V”’(st))]

1

s ~ “8' ~odT

]E(1~1r(—|s)’yt Aﬂ’ (S’a a)a




Global Convergence of Softmax Policy Gradient

- Tabular setting + softmax parametrization + exact gradient

Set stepsize 7 = (1 — y)3/8 and assume min u(s) > 0, then forall t > 1,
165 dy

2

1
& _ o, S _

where ¢ = mitn mg,(a*(s)[s) > 0.
S

Proof: Smoothness + Lojasiewicz condition = 0 (?) rate of GD with constant stepsize
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Policy Gradient Methods with Entropy Regularization

- Regularized objective:

min Vi (p) = V7 (@) + A" (1)

(¢]

Value function: V™ () :=E, {Z

00
t

V(s ae)lso ~ u}
(©. @]

(e]

Entropy regularizer: H”(u) := E, {Z — " log m(a|s¢)|so ~ ,u]

t=0

(¢]

The regularized objective is still nonconcave.

(e]

A > 0 = encourage exploration, minmy (als) > 0
a,s

- Entropy-regularized policy gradient:

Or41 = 0 + ﬁtve‘/)\mt ()
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The effect of entropy regularization
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(a) Softmax policy gradient.
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Using entropy regularization leads to faster convergence.
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(c) Entropy regularized softmax PG.

One-state MDP with 20 actions [Mei et al., 2020]
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(d) Entropy regularized softmax PG.
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The effect of entropy regularization

Start

4.5

5.0

Using entropy regularization yields better optimization landscape and geometry.

}»})PPPP}}»>>»>
>

T=0.0, Mix=0.0
» T1=0.01, Mix=0.0 ,”
—— T=0.01, Mix=0.8"

S5 :
6 e
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3
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Interpolation coefficient, a

Gridworld, log-linear policy, exact policy gradient [Ahmed et al., 2019]
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Linear Convergence of Entropy-regularized Softmax Policy Gradient

Tabular setting + softmax parametrization + exact gradient + entropy regularization

Set stepsizen = (1 —y)3/(8 + A(4 + log A)) and assume min u(s) > 0, then
forallt > 1,

1] 1+ AlogA
(LT AEA o)

i - Vi < ] AR

where C depends on mitn mg,(a*(s)|s) > 0.
s,

Proof: Smoothness + Polyak-Lojasiewicz condition = linear rate of GD with constant stepsize
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Entropy Regularization as an Optimization Aid

- Tabular setting + softmax parametrization + exact gradient

— ~exp(ls,a)
Orv1 =00 + mVoVy ™ (M) mo(als) = > o €xp(0s.q)
- Global convergence
A = 0 : without entropy regularization A > 0 : with entropy regularization
PG: O(1/T) rate [Mei et al., ‘20] PG: O(exp(—T)) rate [Mei et al., 20]
NPG: O(1/T) rate [Agarwal et al., "20] NPG: O(exp(—T)) rate [Cen et al./20, Lan ‘21]
™o oV, : x o
H ava 9(“) > C(0) minw(a*(s)]s)[V*(u) — V™ ()] H ge(“ ) 2 > O(9) min g (als)[Vx (1) — V3 ()] /2
2 s :

What about function approximation setting?



Policy Optimization

Tabular MDPs

Direct
Parametrization

mo(als) = Os.a
0 € A(A)S!

Softmax
Parametrization

exp(fs.q)

mo(als) = S ep(0a)

Log-linear Policy

mo(als) =

Function Approximation

exp(p(s,a)l0)

> exp(9(s,a)T0)

Neural Policy

exp(fg(s, a))
Za eXp(fg(S, a))

fo(s,a) is a neural network

mo(als) =
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Natural Policy Gradient

« Fisher info matrix:

G™ (,LL) = ESNdZQ,CLNWQ(-|S) [(ve lOg o (CL‘S))(V@ lOg o (a"s))T]
« NPG update:

Orr1 = O + (G0 ()]~ - VoV % (1)

« Mirror Descent:

- 1
;1 = argmax {V@VA () (0 —8;) — %D(H, Ht)}
0 ¢

> Bregman divergence: D(8,0,) = (0 — 0,)TG™t(u)(68 — 6,)
> Quadratic approximation of KL divergence: KL(P™0t(7)||P™¢ (1))



Compatible Function Approximation

« Define the function

T To 2
L(w,0) =E, 470 4mg(|s) [(VQ log mo(als)w — (Q3° (s, a) — Alog Wg(&\S))) }

* . * 1 ™ — o
wj € arg min L(w,0) QP wj=-——IC"w]" VoV ()

weERA

> Compute natural policy gradient by minimizing L(w, 6;).
> Approximation error: min L(w, 8;) < Eapp,Vt
w

o Measures the expressiveness of the function approximation
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(Entropy-regularized) NPG with Linear Function Approximation

Natural Policy Gradient

wy € arg min L(w, 0;)
wER4

041 = 0; + nuwy
Y,

2
L(w,0) = E, gm0 qry(.|s) [(VQT log mo(als)w — (QY° (s, a) — Alog 7T9(a|8))) }

- e . : , exp (¢l 0
Softmax parametrization with linear function approximation: m(a|s) = 5 e>£p(<’bT)9)

me(als) exp(wy - ¢s.q)
7Z

Equivalently NPG update: Ty (als) <
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Convergence of NPG with Linear Function Approximation

- Subinear convergence up to approximation error:

Set stepsize n = /2 1og|A|/(BW4T),
" V20Blog Al +/4|Al||ld* V|| - €a
min{vw (p)_th(p)}g |44 Bog‘ |_|_ | |H /VH €app

t<T 1—v T (1 —~)3/2

Key assumptions:

> Distribution mismatch coefficient:  ||d*/V|c0 < C*
> Relative condition number: wTn®,
g T
E [jg]gd wTZ((it)w < K. Y,y = Es,awv [¢s,a¢s,a]

> Policy smoothness: logmg(als) is f-smooth, |[w|| < W
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Linear Convergence of Entropy-regularized NPG

- Linear convergence up to approximation error:

(1_Y)0'2rmin

Set stepsizen = (et A log A)2

* C* ‘€4
®(rr) =Y _df Dyp(r*||nr) < (1—nA\) " log|A| + Y——

A

7 log|A| LV C™* - €app

() = VT () < (1= nA) =) T a=q)

— mi Tot
where g := min oy (G/1 (u)) > 0.

Key assumptions:
dy; (s)7*(als)
dp' (s)me(als)

2
° Concentrability coefficient:  C, =E, s oor,(s) [( ) ] < 0% < 0.

o Regularity of the parametric model : £ (1) = Es i a~vnif(a) |:(¢s,a — ¢s)(Ps,a — és)T} = 0.
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Proof Sketch

Entropy
Regularization

O(mesr) — D) < —1AD () — (1 =) (Vi () = V()

_nEs~dﬁ*,a~7t*(.|s)

T |
NE,_ g [V )] + 501w 1

w{ Vg logm, (als) — Q7 (s,a) + Alogm, (als)]

Approximation error

Negative with small n
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Entropy Regularization as an Optimization Aid

Linear function approximation + softmax parametrization + exact gradient

Orr1 = Op + 1[G ()] 71 - VoV " (1) mo(als) =

Global convergence (up to approximation error)

A = 0: without entropy regularization

NPG: O(1/V/T) rate [Agarwal et al., ‘20]

Extension to Q-NPG variants

exp(¢? ,0)

2 2a XD(95.,0)

A > 0 : with entropy regularization
NPG: O(exp(—T)) rate [Cayci, H., Srikant, ‘21]
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Summary

- Convergence to stationary point for policy gradient methods in general.
- Convergence to global optimum for policy gradient methods in tabular setting (despite nonconvexity).
- Using entropy regularization leads to faster convergence and encourages exploration.

- Exploiting the geometry: Lojasiewicz inequality, mirror descent, etc.

Open Questions

- Nonlinear function approximations?
- Stochastic policy gradient methods?
- Global optimality and sample complexity?
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