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Deep Ritz Method
• Variational Problems

• Nonlinear, adaptive, potential to work in rather high dimensions

• Neural network representation of functions

• Ritz Method
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Variational 
Problems
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• Finding minima and maxima of 
functionals.

• Functional: Maps functions to real 
numbers.
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Example Problem
min
!∈#

𝐼(𝑢)

Where,

𝐼 𝑢 = )
$

1
2 ∇𝑢 𝑥 % 	− 𝑓 𝑥 𝑢(𝑥) 	𝑑𝑥 
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Mathematical Solution (1D)
• Assume no boundary conditions. In our case Ω = 0,1 and u(a) = u(b) = 0.

• 𝐼 𝑢 = ∫$ 𝐿 𝑥, 𝑢 𝑥 , 𝑢& 𝑥 𝑑𝑥

• 𝛿𝐼 𝑢 = −∫$ 𝑓 𝑥 + 𝑢&& 𝑥 𝛿𝑢	𝑑𝑥

• 𝛿𝐼 𝑢 = 0

• −𝑢&& − 𝑓 𝑥 = 0

• ⇒ 𝑢&& = −𝑓 𝑥
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⇒ f(x) = 0



Multivariate Case 
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𝐹 𝑥, 𝑢 𝑥 , ∇𝑢 𝑥 =
1
2 ∇𝑢 𝑥 % − 𝑓 𝑥 𝑢(𝑥)

𝛿𝐼 𝑢 = −)
$
𝛿𝑢 Δ𝑢 + 𝑓 𝑥 𝑑𝑥

𝛿𝐼 𝑢 = 0

⇒ Δ𝑢 = −𝑓(𝑥)



Methodology
3 core ideas:

• Deep neural network-based approximation of trial function

• Algorithm for Solving final optimization (Mini-Batch SGD)

• Numerical quadrature rule for the functional
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Fully Connected Neural Network
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LECTURE MATERIAL : IML COURSE
9

• 𝑧 ' = 𝑊'𝑥
• 𝑣 ' = 𝜙(𝑧 ' )
• 𝑧 % = 𝑊%𝑣 '

• 𝑣 % = 𝜙(𝑧 % )

• 𝑓 = 𝑊(𝑣 % = 𝑊( ⋅ 𝜙(𝑧 % ) = 𝑊( ⋅ 𝜙(𝑊% ⋅ 𝜙 𝑊'𝑥 )

, 𝑖 ∈ [1,𝑚]



Idea 1: Neural Network based 
Approximation of trial function
• Nonlinear transformation:	 𝑥	 → 𝑧) 𝑥 ∈ 	 ℝ*, where 𝜃 set of parameters

• Network constructed by stacking blocks: Each block consists of 2 linear transformation, 
two activation functions + residual connection

Ø Input s, output t.  𝑠, 𝑡 ∈ ℝ!
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Architecture
• i-th block:

Ø 𝑡 = 𝐵! 𝑠 = 𝜙 𝑊!,# ⋅ 𝜙 𝑊!,$𝑠 + 𝑏!,$ + 𝑏!,# + 𝑠

• where 𝑊",$,𝑊",% ∈ ℝ!×! and 𝑏",$, 𝑏",% ∈ ℝ!

are parameter of said block

• 𝜙 is activation function, in this case 𝜙 𝑥 =
max 𝑥', 0 .
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Idea 1: Continued
Full n-layer network expressed as:

• 𝑧+ 𝑥 = 𝐵, ∘ ⋯ ∘ 𝐵' 𝑥

We obtain u by

• 𝑢 𝑥; 𝜃 = 𝑎 ⋅ 𝑧+ 𝑥 + 𝑏.

𝜃 new parameter set {𝜃, a, b}

Substituting this into I + defining g:

• 𝑔 𝑥: 𝜃 = '
%
∇-𝑢 𝑥; 𝜃 % 	− 𝑓 𝑥 𝑢 𝑥; 𝜃

⇒ min
+
	L 𝜃 , 	 𝐿 𝜃 = ∫$𝑔 𝑥; 𝜃 𝑑𝑥 
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Gradient Descent
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• Optimization Problem:

min
.∈/%

𝐿 𝑤 ≔
1
𝑁	V

01'

2

𝐿0(𝑤)

Where L(𝑤) is avg loss and 𝐿0(𝑤) loss for i-th data 
point.
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Backpropagation
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Stochastic Gradient Descent
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Idea 2: SGD
In	our	case:

𝜃34' = 𝜃3 − 𝜂∇𝐿5& 𝜃
3 .

Here {𝛾3} i.i.d random variables, uniformly distributed over {1,2,…,N}. N := #Data Points

Data Points?

View integral in I as continuous sum

⇒ Each point in Ω then becomes a data point
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Idea 3: Monte Carlo Integration
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Hence

where for each k, 𝑥6 , 𝑘 set of points on Ω uniformly sampled



Example 
Applications
• Poisson Equations

• Transfer Learning

• Eigenvalue Problems
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Eigenvalue problems



Poisson Equation
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• -∇u=f

• Applications: Electrostatics, 
Gravitation, Heat Transfer, Fluid Dynamics

• Formulation as a Variational 
Problems: I(u)= ∫ (½ |∇u| ² − fu )dx

• Training the Network: Optimization and 
Loss Function

19
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Solution of Deep Ritz Method, 
811 parameters

Solution of finite difference method, 1681 parameters



Performance comparison
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Original Model Activation function φ(x) = max{x, 0} 1 block instead of 4
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Error of Deep Ritz Method (DRM) and finite difference method (FDM)
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Relative Loss of Different Layers with Poisson Equation The results of Poisson Equation



Poisson Equations in higher dimension
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Blue curves: relative error of u
red curves: relative error on the boundary



Poisson Equations in higher dimension
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Blue curves: relative error of u
Red curves: relative error on the boundary



Transfer 
Learning
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• enhance the training process by 
leveraging pre-trained network 
weights

• Benefits and Insights

• Challenges and Observations
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Red curve: training process with weight transfer
Blue curve: training process with random initialization
Graph: how the natural logarithm of the error changes 
during training

how the natural logarithm of ||W||22 changes during 
training
ΔW: change in W after 100 training steps
W: weight matrix



Eigenvalue problems
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• Aϕ=λϕ

• Applications in engineering and physics

• Formulation as a variational problem: 
minimize R(u)=∫∣∇u∣²dx / ∫u²dx

• Implementation using Deep Learning

•
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Error of Deep Ritz Method
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Error of Deep Ritz Method



Discussion

Strength of the 
Methods

Limitations and 
Challenges

Future Directions
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Advantages of 
Deep Ritz Method
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• Adaptability to various types of variational 
problems

• Capability to handle high-dimensional spaces 
effectively

• Integration with modern computational 
frameworks
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Limitations and Challenges
• Non-convex optimization

• Formulation as variational problems

• Treatment of boundary conditions
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Future Research 
Opportunities
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• Explore different network architectures and 
activation functions

• Application to other variational problems

• Enhancements in the training process to 
improve efficiency and reduce computational 
costs
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Conclusions
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• Potential in high dimensions

• Not suitable for all PDEs

• Profiting from development of neural 
networks
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Thank You for Your 
Attention!
Questions?
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