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Deep Ritz Method

Variational Problems

Nonlinear, adaptive, potential to work in rather high dimensions

Neural network representation of functions

Ritz Method
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Variational
Problems

* Finding minima and maxima of
functionals.

« Functional: Maps functions to real
numbers.
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Example Problem

g 1)

Where,

1) = jﬂ (5 TG — FCuCx) d
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Mathematical Solution (1D)

« Assume no boundary conditions. In our case Q = [0,1] and u(a) = u(b) = O.

« 1) = [ L(x,u(x),u' (x))dx L(z, u(z), o (z)) = L
e 5I(uw) = —fﬂ(f(x) +u" (x))6u dx 5T = [, <% 4oL
e 8I(u) =0

* —u" —f(x) =0

* U’ =—f(x)
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Multivariate Case

1
Fxu(x), Vu(x)) = S 1Vu@)1? - f()u)

6l(u) = —j 5u(Au + f(x))dx
Q

6I(u) =0

= Au = —f(x)
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Methodology

3 core ideas:
» Deep neural network-based approximation of trial function
 Algorithm for Solving final optimization (Mini-Batch SGD)

« Numerical quadrature rule for the functional
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Fully Connected Neural Network

« (U — W, x More complex network example

° v(l) = (P(Z(l)) i s
Wy @ Wy @
LT
N IS /N

. 2@ =W,y "
° v(z) — (I)(Z(Z)) Wli,hl‘
C f =W ® = Wy $(z@) = Wy - pW, - p(Ws ) @‘z' @" -

, 1 €[1,m]

3)
Wk,n-,

LECTURE MATERIAL : IML COURSE
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Idea 1: Neural Network based
Approximation of trial function

* Nonlinear transformation: x — zg(x) € R™, where 6 set of parameters

« Network constructed by stacking blocks: Each block consists of 2 linear transformation,
two activation functions + residual connection

» Input s, output t. s,t € R™

FC layer (size 1)

output u

10
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Architecture

* i-th block:
> t= Bi(S) = ¢(Wi,2 . ¢(Wi,15 + bi,l) + bi’z) + s

- where W;;,W;, € R™™ and b; 1, b; , € R™
are parameter of said block

* ¢ is activation function, in this case ¢(x) =
max{x3,0}.

input x

————v

FC layer (size m)
+ activation residual
\V connection
FC layer (size m)

+ activation l

N ———

FC layer (size m)

+ activation residual
\[/ connection
FC layer (size m)

+ activation

V

FC layer (size 1)

%

output u
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ldea 1: Continued

Full n-layer network expressed as: min 7 (u),
ueH

* 2g(x) = By oo By(x)
g - .
We obtain u by I(u) = [) (§|Vu(.\')|" - f(x)u(.x‘)) dx

* u(x;0) =a-zg(x) + b.
0 new parameter set {09, a, b}

Substituting this into | + defining g:

¢ g(x:0) = |V,u(x; )2 — fF(x)ulx; 0)

= mein L), L(6) = [,g(x;0)dx
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Gradient Descent

» Optimization Problem: Lo ;

Setting now: Minimize L(w) with scalar w

weRrd

N
min L(w) := % Z L;(w)
i=1

Where L(W) IS avg loss and LL(W) loss for i-th data Gradient descent algorithm to minimize L(w)

pOInt Start at initial w' / for simplicity, fixed for all ¢

n VL (wb)
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Backpropagation

ANN with 1 output, 2 hidden and 1 input unit: f(x; W) = f(x; [w,w’, w"]) = wo(W'e(w'"x))

LT -
aw_afaw_l(f)v_av

ol _ dlodfodv 9z g /
awr df dv 0z owr - 5W(p(Z)U

dl  dlaf dv 9z dvr Oz
dwrr df ov 0z dvr dzr owrr

= dwe(z)w'g(z')x
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Stochastic Gradient Descent

Remember training loss definition for parameterized functions L(w) = ;Zf’:l (v, fw (X))

Gradient descent algorithm S(tochastic) G(radient) D(escent) algorithm

Start at initial w"” Start at initial w"

Until wt*! — wt small r

Output w = w'

compute gradients at all points

4 random subset of points S € [1, ..., n] (minibatch SGD)
;2?:1 Vi fw (xi))

VWLS(W) = |T1| Zies vwe()’hfw( xi))

Costly! memory: require 0(nd) values to compute

y- Hoty. - - . ) VaiUTo - /AL a - . .2

- Siggs W T when S is just one random point it's called SGD
computation: O(n X cost to compute VI) per update.
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Idea 2: SGD

In our case:
o1 = 6% —nVL,(6%).
Here {y*}ii.d random variables, uniformly distributed over {1,2,...,N}. N := #Data Points

Data Points?

View integral in | as continuous sum

1 , g
I(u) = / (—IVU(.\')I‘ — ./(.\‘)u(.\‘)) dx
Jao \2

= Each point in ) then becomes a data point
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Idea 3: Monte Carlo Integration

N

| , ‘ 1 .

min L(#), L(O) = / g(x; 0)dx. I(u) =L(x,0) = — glzi, @),
JQ A Z

o
1=1

f(x1)*(b-a) f(x2)*(b-a) 1 f(x3)*(b-a) f(x4)*(b-a)

-4

© www.scratchapixel.com

where for each K, {xk} set of points on Q uniformly sampled
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Example
Applications

» Poisson Equations
« Transfer Learning

» Eigenvalue Problems
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Poisson Equation

« -Vu=f

« Applications: Electrostatics,
Gravitation, Heat Transfer, Fluid Dynamics

 Formulation as a Variational
Problems: I(u)= [ (V2 |Vu| 2 = fu )dx

« Training the Network: Optimization and
Loss Function

T T ‘ y
y ”""f'»q)[:[ l e i S
V. 0, S D e e —
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Ao  con eanation- 1 3§ N
Consider the Poisson equation: Tty = / (;IV.\H(-\')!" e (_\_)“(x)> e wetas
o \2 20

—Au(x) =1, x e 2
u(x) =0, x €099,

where 2 = (—1,1) x (—1, 1)\[0, 1) x {0}

1.00
0.75
0.50
0.25
0.00
-0.25
-0.50
-0.75

-1.00
-1.00 -0.75 -0.50 -0.25 0.00 025 050 0.75 1.00

Solution of Deep Ritz Method, Solution of finite difference method, 1681 parameters

811 parameters
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Performance comparison

1.00
0.75
0.50

0.25

0.00 : 0.00

-0.25 . =025
—-0.50 - -0.50
-0.75 : -0.75

—-1.00 g -1.00
-1.00 -0.75 -0.50 -0.25 0.00 . . . . -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 ; : : —0.75 -0.50 -=0.25 0.00 0.25 0.50 0.75 1.00

Original Model Activation function ¢(x) = max{x, O} 1 block instead of 4
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To analyze the error more quantitatively, we consider the following problem

Aulx) =0, x € Q2

7,
ix) = ult. 0) =12 s =4 x € 092,

—

where 2 = (—1,1) x (=1, 1)\[0, 1) x {0O}.

Method Blocks No. Parameters Relative Ly error

DRM 2 591 0.0079
811 0.0072
1031 0.00647
1251 0.0057
625 0.0125

2401 0.0063

Error of Deep Ritz Method (DRM) and finite difference method (FDM)
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Considering the Poisson equation:

u =0, x € 0N,

{Au =1, z€),

where Q = {(z,y)|z% + 3% < 1}.

The exact solution to this problem is

Blocks Num Parameters Relative Loss (%)
451
671
891

Relative Loss of Different Layers with Poisson Equation

-0.75-05-0.25 0 0.25 05 0.75 1

The results of Poisson Equation
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Poisson Equations in higher dimension

Consider (d = 10):

—Au=0, x € (0, 1)

5

u(x) = Z-Vzk—l-\'zk- x €90, DN,
k=1

: 5
u(x) = Zk:] X2k—1X2k,

10000 20000 30000 40000 50000

Blue curves: relative error of u
red curves: relative error on the boundary
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Poisson Equations In higher dimension

—Au=-200, xe(,1)?

u(x) = Z\,\z x € 0(0, l_)d.
: d = 100

0 2500 5000 7500 10000 12500 15000 17500 20000

Blue curves: relative error of u
Red curves: relative error on the boundary
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Transfer
Learning

« enhance the training process by
leveraging pre-trained network
weights

» Benefits and Insights

« Challenges and Observations

SOURCE LABELS
(large amount)

!

SOURCE MODEL

!

SOURCE DATA
(large amount)

TAGRET LABELS
(small amount)
TRANSFER LEARNED
TARGET MODEL
KNOWLEDGE
TARGET DATA

(small amount)
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Consider the problem:

—Aux) =6(1 +x1)(1 —xp)x2 +2(1 + x2)(1 —x2)x2, x € L2
iix) = r% sin % + (1 4+x1)(1 —x1)(1 4+ x2)(1 — x2)x2, x € 082,

where 2 = (—1,1) x (—1, 1)\[0, 1) x {0}

We also transfer the weights from the problem:

— Au(x) =0, x € Q2

_ ) 2
u(x) =r2smsz, x € 082,

where Q2 = (—1,1) x (-1, 1)\[0, 1) x {0}.
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10000 20000 30000 40000 50000 10000 20000 30000:  “40000: 0000

Red curve: training process with weight transfer how the natural logarithm of ||W||,2 changes during
Blue curve: training process with random initialization training

Graph: how the natural logarithm of the error changes AW: change in W after 100 training steps

during training W: weight matrix
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Eigenvalue problems

Ap=\p

Applications in engineering and physics

Formulation as a variational problem:
minimize R(u)=[|Vu|2dx / Ju2dx

Implementation using Deep Learning

SAMPLE FOOTER TEXT
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Consider the following problem:

— Au+v-u

Uulae
In practice, we use

/Q |Vu|*dx + /Q vudx

L(ll(‘x; ('))) = /,”—7(1\ —+ ﬂ l‘l(b.\f)zd.\' -+ ) 4 </ u
Jo ¥ U a0 J

Dimension d Exact A Approximate Error (%)
9.87 9.85 0.20

49.35 49.29 0.11
98.70 92.35 6.43

Error of Deep Ritz Method
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Consider the potential function

Dimension d Exact A Approximate

1 1.0016
5 5.0814
10 11.26

Error of Deep Ritz Method

The problem is then equivalent to solving:

— Au=Eu, xc¢c [O l]d

u(x) =0,

. . N 7
The smallest eigenvalue 1s Ao = dm~.

Error (%)

0.16
1.6

12.6

SAMPLE FOOTER TEXT

x € 9[0, 114.
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Discussion

- A (9

Strength of the Limitations and Future Directions
Methods Challenges
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Advantages of
Deep Ritz Method

« Adaptability to various types of variational
problems

« Capability to handle high-dimensional spaces
effectively

* Integration with modern computational
frameworks
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Limitations and Challenges

« Non-convex optimization
« Formulation as variational problems

« Treatment of boundary conditions
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Future Research
Opportunities

« Explore different network architectures and
activation functions

» Application to other variational problems

« Enhancements in the training process to
improve efficiency and reduce computational
costs
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Conclusions

« Potential in high dimensions

* Not suitable for all PDEs

* Profiting from development of neural CONCLUﬂ 6”
networks N

4 v

SAMPLE FOOTER TEXT 36



SAMPLE FOOTER TEXT




