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Abstract

We study optimistic bilevel optimization when the lower-level problem has a non-
isolated manifold of minimizers, a regime where standard hyper-gradient analyses
break down because the hyper-objective can become nonsmooth due to minima
selection. Under a local Polyak—t.ojasiewicz condition, we show that if the op-
timistic minimizer is unique, then the hyper-objective is locally differentiable
and admits an explicit hyper-gradient formula involving a Moore—Penrose pseu-
doinverse; with an additional non-degeneracy condition, the hyper-objective is
locally smooth. Building on this structure, we propose HG-MS, a hyper-gradient
method that combines Gibbs/Langevin sampling, Best-of-N minima selection, and
efficient pseudoinverse approximation via Hessian—vector products. We establish
near-stationarity and complexity guarantees that explicitly capture errors from
sampling, selection, and linear solves, with rates depending on the intrinsic dimen-
sion of the lower-level solution manifold. Experiments on data hyper-cleaning
and imbalanced-loss tuning show that explicit minima selection improves opti-
mization stability and downstream performance over standard hyper-gradient and
penalty-based baselines.

1 Introduction

Many problems in modern machine learning and Al can be cast as bilevel optimization, where an outer
objective evaluates the outcome of an inner training procedure. Examples include hyperparameter
optimization and meta-learning [Feurer and Hutter, 2019, Liu et al., 2021} |Bertinetto et al.,[2018| |[Finn
et al., 2017]], differentiable neural architecture search [Liu et al.| 2019]], example reweighting/data
cleaning for robust learning [Ren et al., 2018]], and bilevel formulations in reinforcement learning
(e.g., actor—critic) [Hong et al.| [2023]], as well as bilevel formulations for LLM data reweighting, safe
fine-tuning, and preference alignment [Pan et al.l 2025| |Shen et al.| 2025b} Jian et al.l 2025].

We focus on the optimisticﬂ bilevel problem [Dempe et al., 2007, Ye et al., (1997} Ye and Yel |1997]
gniél F(0) with  F(0) := mingcgs(p) f(0, ) where S(0) := argmin,cga g(6,2). (1)
c

Here, to define the hyper-objective F' : © — R on a compact convex set © C R™, one minimizes
the upper-level loss f : © x R? — R over a lower-level solution set S(6) C R? of the lower-level

loss g : © x R — R. We refer to this inner minimization as minima-selection . We refer to the

solutions to minima-selection as optimistic minimizers, denoted by
0(f) := arg min f(6,x). 2
(0) gxes(e)f( , ) 2

'All of our conclusions can be similarly derived for the pessimistic formulation as well.
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In particular, when 0(6) is a singleton, we denote the unique optimistic minimizer as x* (). In this
work, we focus on the settings where the hyper-objective I’ can be proved to be differentiable. Since
F is in general non-convex, we take the first-order stationary poim%] of the hyper-objective F' as our
solution concept. For works seeking more relaxed alternative solution concepts, see Appendix

In the existing literature, differentiability of the hyper-objective is most commonly established under
the setting where the lower-level solution set S(6) is a singleton (in which case S(f) = 0(¢) =

{2*(6)} and minima-selection is redundant) and that the lower-level loss g(, -) satisfies locally
quadratic growth around the unique minimizer z*(6) [Pedregosa, 2016, [Franceschi et al., 2017,
Lorraine et al.| 2020, Huang, 2024, [Liu et al., 20224l [Kwon et al.| [2023b] (see Appendix@]for
details). In particular, with additional mild regularity assumptions on f and g, the hypergradient
V F(#) admits an explicit expression. Recent work has sought to establish differentiability of the
hyper-objective beyond the singleton-minimizer regime [Xiao et al., |2023| Shen et al.| 2025a].
However, these extensions typically rely on assuming that the lower-level loss g is convex in the
lower-level variable z, an assumption that rules out many practically important non-convex settings.

For instance, in bilevel learning problems such as hyperparameter tuning [Pedregosa, 2016} |Franceschi
et al.,[2017} [Lorraine et al.,|2020], data cleaning [Ren et al.| [2018]], and recent LLM data reweighting
and safe fine-tuning formulations [Pan et al.,|2025, Shen et al.,|2025b], the lower-level problem is
often an empirical risk minimization (ERM) task over a training set using a neural-network-based
model, while the upper-level objective evaluates a risk measure on a validation set. In this regime,
distinct lower-level solutions may attain nearly identical training loss yet exhibit markedly different
validation performance. This motivates defining F'(0) via an optimistic selection rule (as in eq. )
that, among all lower-level minimizers, chooses the one with the best validation performance. In
such applications, the lower-level solution set S(8) is typically neither a singleton nor convex, and
existing differentiability results therefore fail to capture these core use cases of bilevel optimization.

Manifold lower-level solution set and differentiability of the hyper-objective F'. Without addi-
tional structure, F' need not be continuous (let alone differentiable) in the worst case, [Dontchev and
Rockafellar, 2009, |Arbel and Mairal, 2022]. This motivates imposing further assumptions.

Under the common practice of neural network overparameterization, the lower-level loss g can admit
many global minimizers that are not isolated points but instead form a connected set—often with
manifold structure [Draxler et al., 2018 |Garipov et al., 2018} [Nguyen, [2019]]. Guided by these
empirical observations and prior work on the loss landscapes of overparameterized deep networks
[Venturi et al,2018| [Liu et al., |2022b]], we adopt the setting of [Masiha et al., 2025]] and assume a
local Pt condition (specifically, PL° in [Gong et al., [2024])) for the lower-level loss g (with respect to
the lower-level variable x). Under this condition, the lower-level solution set S(6) is well-structured
and, in particular, forms an embedded submanifold of R¢ (possibly of positive dimension). To the
best of our knowledge, this local PL-type condition is one of the weakest assumptions in the literature
that guarantees the hyper-objective F' is Lipschitz continuous, a natural precursor to differentiability.
However, we also highlight that this key regularity property is insufficient for our purpose.

In this work, we ask:

In the setting where g satisfies the local PL condition, what are the sufficient
conditions for the hyper-objective F' to be differentiable or even smooth?

Our key observation is that, when there is tie in minima-selection , i.e., it has non-unique solutions,
the set 0(#) is sensitive to changes in 6, constituting a major source of non-differentiability of F,
even when the set-valued map 6 — S(6) varies smoothly with 6; see Examplefor a concrete
example. This suggests imposing the assumption that there is a unique optimistic minimizer z*(6).
Our first result shows that this intuition is indeed sufficient.

Theorem (Regularity; Informal). Suppose that g satisfies the local PL condition (see assumption![]).

o Assuming that the minima-selection step yields a unique solution x*(9), i.e. 0(0) is a singleton,
the hyper-objective I is continuously differentiable and the hyper-gradient admits the explicit form

VE(0) = Vof(0,2°(0) — Vi,9(0,2%(0)[V2,9(0,2*(0)] 'V, £(6,27(9). (3

?Stationary point in the gradient mapping sense, given the convex compact © constraint.



Here [-]T denotes the Moore—Penrose pseudoinverse.

e Moreover, if x*(0) is non—degeneratfﬂ V F'is Lipschitz continuous.

We highlight that the unique optimistic minimizer assumption is strictly weaker than the singleton
lower-level solution set assumption commonly encountered in the literature: When S(6) is singleton,
the optimistic minimizer z*(0) is clearly unique.

Moreover, as complementary results, we construct adversarial instances demonstrating that

e when the set 0(f) is not a singleton, i.e., there is tie in minima-selection , F' can be non-
differentiable at infinitely many points within any prescribed arbitrarily small neighborhood;

e under the unique minimizer condition, if 2* is a degenerate point in the sense of Definition [3.4]
V F can fail to be a-Holder continuous with any prescribed index o > 0.

Algorithmic consequence: select then differentiate. The differentiability result above, together
with the corresponding hyper-gradient expression (3)), suggests a practical recipe for bilevel optimiza-
tion in regimes when the lower-level solution set exhibits manifold structure and minima-selection

has a unique solution. Note that, in contrast to standard hyper-gradient methods for the singleton-

minimizer case, our setting requires explicitly accounting for the minima-selection step.

To this end, we propose Hyper-Gradient with Minima-Selection (HG-MS); see Algorithm|[I} The
method proceeds in two stages:

e We tackle minima-selection with a Best-of-N (BoN) strategy: To mimic the enumeration over the
non-convex set S(f), we generate N samples from a Gibbs measure 11 (0) o exp(—g(6,-)/))
and output 2, (6), the one achieving the minimum f (6, -) value, as an approximation for 2*(6).
Note that when A — 0, u;\(e) exponentially concentrates around S(6), and we can show that

Vo €O, E[|z*(0) — N (0)]°] = O(N~* + Az).
Here k > 1 denotes the common intrinsic dimension of the #-dependent manifolds {S(6) }yco.

e We approximate VF by directly using 2, (¢) as a proxy for 2*(¢) in Equation (3).

For the convergence analysis, we view HG-MS as an inexact projected-gradient method applied
to the hyper-objective F': the computed hyper-gradient can be written as VF'(6;) + e;. The main
technical work is then to bound E[||e;||?] by decomposing it into contributions from (a) sampling
from %\(9), (b) BoN selection with finite N, and (c) approximating pseudo-inversion in eq. H

Empirically, we evaluate HG-MS on data hyper-cleaning and parametric loss tuning for imbalanced
classification under fixed time budgets. Explicitly incorporating minima selection produces more
stable upper-level trajectories and improves downstream performance: on data hyper-cleaning, it
increases test accuracy from 81.2% to 87.0%, from 73.1% to 80.1%, and from 64.5% to 66.1% at
corruption rates p = 0.4, 0.6, 0.8, respectively; on imbalanced loss tuning, it improves test balanced
accuracy from 95.48% to 96.45%.

Contributions. We make three contributions:

e Differentiability of the hyper-objective under manifold-structured lower-level minimizers.
We study the regime in which the lower-level function g(0, -) admits a non-singleton manifold
of minimizers, as implied by the local PL condition considered in this paper. Under the unique
optimistic minimizer assumption, we prove that the optimistic hyper-objective F is locally C*
and derive the corresponding hyper-gradient formula (Theorem [3.5). Under an additional non-
degeneracy assumption on the selected optimistic minimizer (formalized in Assumption [3|using
Definition[3.4), we further show that V' is Lipschitz continuous. Importantly, we construct hard
instances showing that, in the worst case, these conditions are necessary for the local C! regularity
of F' and for the Lipschitz continuity of VF', respectively.

3Here non-degenerate means that f (6, -) has strictly positive second-order curvature along every tangent
direction of the lower-level manifold S(6) at 2™ (6); see Deﬁnition



o A hyper-gradient method with BoN minima selection and complexity guarantees. We propose
HG-MS (Algorithm [T)), which combines BoN approximate minima selection with approximate
hyper-gradient computation. We prove that HG-MS finds an e-stationary point of the hyper-
objective F' using O(poly(e¥)) queries to the oracle for 9, (0, -). Here, k denotes the common
intrinsic dimension of S(6). Moreover, the ¢ ~* dependence is necessary in the worst case due to
the nonconvex nature of the problem [Nemirovskij and Yudin [1983]].

e Empirical evidence. On data hyper-cleaning and imbalanced-loss tuning, HG-MS yields more
stable outer trajectories and improved validation/test performance compared to standard hyper-
gradient and penalty/alternating baselines (Section [6)).

Notations For any nonempty closed convex set C' C R™, we write Proj(u) := arg min,ec ||[v —
ul|. For any embedded C? submanifold M C R and x € M, we write T, M and N, M for the
tangent and normal spaces, and Pr_ r¢, Py, m for the corresponding orthogonal projectors. When
M = 8(0), we abbreviate T, := T,S(0) and N¢ := N,S(9).

2 Local PL Condition and the Manifold Solution Set

We now describe the PL° condition introduced by (Gong et al.[[2024], which is our central structural
assumption. Besides the standard local Polyak—t.ojasiewicz (PL) inequality around the local minimiz-
ers, the extra requirement in the PL° condition ensures that all local minima are connected (hence are
all global minima). This supports efficient sampling-based approximations of the global optimal set.

Definition 2.1 (Local PL). Let M be the collection of all local minima of g € C*(R%,R). We say
that g is locally PL if there exists . > 0 such that for any connected component M' C M, there
exists an open neighborhood N'(M’) D M’ satisfying
— i < @uTH IV 2 Yz e N(M).
g9(z) m,enj\lfl(%,)g(ﬂf ) < @) IVe(@)]7, Vo € N(M)
Definition 2.2 (PL° condition). A function g : R — R satisfies the PE° condition if: (1) g € C? is
locally PL, and g € C* on every neighborhood N'(M'); (2) Let N (M) := Upy N (M'). For any
r € R\ N(M), if Vg(x) = 0, then V2g(x) < 0; (3) The collection of all local minima M is

contained in a compact set.

We impose PL° uniformly over the parameter 6 in the lower-level problem.

Assumption 1 (Lower-level PL°). There exists a constant . > 0 such that for every 6 € O, the
Sfunction g(6, -) satisfies the PE® condition, and its local PE neighborhoods in Deﬁnitioncan be
chosen with the same constant .

Assumption |1| has both geometrical (manifold structure) and analytical (normal nondegeneracy)
implications on the lower-level solution set S(6), summarized as follows.

Proposition 2.3 (Characterizations of S(6)). Let Assumptionhold. Then, for every 0 € O,
(i) S(0) is a connected compact C?* embedded submanifold of R? without boundary [Gong et al.,
2024, Prop. 3, Cor. 1]. In particular, all local minima of (0, -) are global minima.
(ii) For any x € S(0), the Hessian H(0,z) := V2,g(0, ) satisfies ker H(0,7) = T? and
(v, H(,z)v) > c|v||? forallv € N for some constant ¢ > 0 that is uniform over € ©
and x € S(0) [IRebjock and Boumal| 2024, Cor. 2.17].

Moreover, under the additional regularity conditions required by [Masiha et al., 2025, Lem. 3.5]
(which we include in Assumption[d), there exists an integer k such that

dim(S(0)) =k  forallO € O.

Remark 2.4 (Lipschitzness of hyper-objective). Under the lower-level local PE® condition and mild
regularity on f and g, the hyper-objective function is Lipschitz; see [Masiha et al.,|2025| Lem. 3.2].
This implies that F is differentiable almost everywhere. However, this is insufficient for our purpose.

Curvature regularity of the solution manifolds. Our selection analysis uses volume comparison
bounds for small geodesic balls on the compact manifolds S(6) (e.g., [Masiha et al.,[2025| Lem. 4.1]),
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Figure 1: Illustration of Example[3.1} Left: the lower-level minimizer set S(6) is a smooth circle,
but the optimistic solution switches between two competing endpoints depending on the sign of a(6).
Right: the optimistic hyper-objective F'(§) = —r(6)|a(6)| is the pointwise minimum of two smooth
branches 7 (6)a(6). Kinks (nondifferentiability) occur at tie points a(#) = 0 (marked in red).

which requires curvature control. Assuming the following simple analytic condition on g and together
with the normal spectral gap from Proposition [2.3(iii), we show in Appendix [F.5]a uniform bound on
the second fundamental form of S(6).

Assumption 2 (regularity of g). There exist constants p > 0 and L 3 < 00 such that for all § € ©,
g(0,-) is C3 on the tube {x : dist(z,S(0)) < p} and SUPdist(z,5(0))<p vagmg(ﬁ, ac)Hop < Lgs.

3 Differentiability of the Hyper-objective and the Hyper-gradient
This section analyzes the regularity of the optimistic hyper-objective F' in four steps.

e Through a counterexample in Example we show that when there is a tie in minima-selection ,
i.e. 0(0) is non-singleton, F is not necessarily differentiable, even for f and g both in C°.

e We show in Theorem 3.2]that the uniqueness of optimistic minimizer is sufficient to obtain F' € C*,
together with the explicit hyper-gradient formula (3)).

e Through another counterexample in Example[3.3] we show that the unique optimistic minimizer
condition alone does not guarantee a-Holder continuity of V F' for any o > 0 (including Lipschitz
continuity, which corresponds to a = 1).

e We show that when enhancing the unique optimistic minimizer condition with the non-degeneracy
condition from Assumption the unique minimizer x*(6) is a C! function (see Theorem 3.5) and
F is locally smooth (see Proposition [5.1)).

Tie in minima-selection can create kinks in the hyper-objective. Even when S(6) is a C*>°
connected manifold and varies smoothly with 6, minimizing = over () can still introduce kinks in F
when the optimistic minimizer is not unique. The example below shows that, in any arbitrarily small
neighborhood, even when f, g, and S(#) are all C*°, F’ can have infinitely many non-differentiable
points purely due to the tie phenomenon. W.l.o.g., we take the neighborhood to be centered at 0.

Example 3.1 (Tie in minima-selection creates kinks). Let § € R and x = [x1, 22] € R2. Define
a() == e=1/%sin(10/6) for 6 # 0 and a(0) = 0. Consider the losses

f(0.2) = a()x1 + 23 and  g(0.x) = (J2]* ~ (1+6%)",
both of which are C*° (R x R?). The lower-level solution set is the circle (which is C*)
S(0) ={x cR*: ||z|| = V1 + 62}.

Write r(0) = /1 + 02. On the circle, 23 = r(0)? — 23, hence f(0,r) = a(0)z; +r(0)?> — 23, a

concave quadratic in x1. Therefore its minimum over x1 € [—r(0),7(0)] is attained at an endpoint:



Jor a(0) # 0 the constrained minimizer is unique and
2 (0) = [~sign(a(0))r(0), 0.
At any 6 with a(0) = 0, we have arg mingesg) f(0,z) = {[-7(0),0], [r(0),0]}, i.e., the selected

optimistic minimizer is not unique. Consequently,

F(O) = min f(0.2) = ~r(6) a(0)|

Since a(0) = 0 at 0, := 10/(kw) for each k € Z \ {0} and these zeros are simple, F is not
differentiable at every 0y, (a countably infinite set accumulating at 0).

This mechanism is geometric: although S(6) is a smooth manifold, the optimistic minimizer can
switch between competing branches at 6’s where 0(6) is not unique, producing kinks in F'.

Uniqueness in minima-selection implies differentiablity of hyper-objective. The above exam-

ple suggests imposing the unique-solution condition on minima-selection , which we show is indeed
sufficient for F' € C*.

Theorem 3.2 (C! regularity of the hyper-objective under uniqueness). Let Assumption|l|hold and
assume f € Ct and g € C3. Fix 0y € © and assume there exist an open set U containing 0y and a
compact setV C R? such that, forall 6 € U,
S6) Cv, and arg min f(0,x) is a singleton.
zeS(0)
Then there exists an open neighborhood Uy C U of Oy such that F is continuously differentiable on
Uo. Moreover, for all 0 € Uy, the hyper-gradient is given by eq. (3).

Proof sketch. We sketch the proof in three steps; Appendix [C.2] contains the details.

Step 1: parameterize S(0) locally by solving the normal equations. Let xo := x*(6y) and abbreviate
To = '7;000 and Ny := Nﬁg Choose orthonormal bases U, and Uy, spanning 7o and Np. Write
local coordinates x = x¢ + U7, u 4+ Ux/,v and consider

®(0,u,v) := Up;, Vag(0, 20 + Urgu + Upv).

By the normal nondegeneracy implied by Assumption [1] (see Proposition 2.3), D,®(6y,0,0) =
UAT/O V2,.9(00,10)Uy;, is invertible. Hence the implicit function theorem gives a C? map v = (6, u)
solving @ (0, u, (0, u)) = 0 near (6y, 0). Defining

P(0,u) == xo + Uryu + Up;y0(0, u),
we obtain a local C chart of the nearby branch of S(#) around z.

Step 2: reduce to a fixed-domain minimization. Uniqueness and compactness imply that for 6 close to
o, the selected minimizer stays inside this chart patch. Hence the optimistic problem reduces to a
fixed-domain minimization

F(O) =min f(0,u),  f(0,u) = f(0,4(0,u)),
over a compact set U independent of 6.

Step 3: apply a Danskin-type envelope argument and compute the hyper-gradient. We apply the
Danskin-type envelope lemma in Appendix [C.2] namely Lemma [C.3] The point of this lemma is that
for a value function of the form F'(#) = min, ey ¢(6, u) over a fixed compact set, uniqueness of the
minimizer allows one to differentiate F' by differentiating only ¢ with respect to 6 at the minimizing
point; no derivative of the argmin map is needed. Applying this lemma pointwise, and then using
continuity of the unique minimizer on the fixed compact domain, yields the local C! regularity of F'.
Finally, differentiating the lower-level stationarity equation gives the pseudoinverse hyper-gradient
formula (3).



Uniqueness in minima-selection is insufficient for Holder continuity of VF. From an op-

timization perspective, however, C' regularity is not enough. For a non-asymptotic analysis, we
typically need V F' to be a-Holder continuous for some o > 0. However, in the following example,
we show that uniqueness alone is insufficient to guarantee this property.

Example 3.3 (Uniqueness does not imply local a-Holder continuity of V F'). Consider the following
smooth construction. For 0 € R and x = (z1,22) € R?, let

1e=1/"5in(10/6), 6 +# 0, sign(t)e= V¥, t+£0,

and define ¢(t) = fot n(s)ds. Then n,¢ € C*(R), n = ¢’ is strictly increasing, and ¢"(0) =
7'(0) = 0. Set

2
g(@,m) = (||.T||2 - (1 + 92)) ) f(9,$) = ¢(.’L‘2) + a(e)x2 + p(_x1)7

where p(s) = e~Y/* for s > 0 and p(s) = 0 for s < 0. Thus S(0) = {x € R? : ||z = r(0)} with
r(0) := V14 02

As in Example the term p(—x1) forces the optimistic minimizer to lie on the right semicircle, so
minimizing f(0,-) over S(0) reduces to the scalar problem miny<,(g)(¢(t) + a()t). Since n is
strictly increasing, this problem has a unique critical point, determined by n(t) + a(0) = 0, namely

1/2

£(0) = {Sign(a(9>>(log(1/ la(@))) "%, al8) #0,
0, a(f) = 0.

Moreover, [t*(0)| < (log4)~/2 < 1 < r(f), so this critical point is feasible and therefore is the
unique minimizer. Hence the optimistic minimizer is unique for every 6 and is given by x*(0) =

(Vr(0)2 = (t(0))2, t(0)).

By Theorem the hyper-objective I is C', and because the only 0-dependence in f is through the
term a(0) x4, the envelope formula gives F'(0) = o' (0)t*(0). Let 0y, := 10/(kr), so a(0)) = 0 and
a'(0x) # 0. Then F'(0),) = 0. Since a’ is continuous and nonzero at 0, we have |a’(0)| < 1 for 0
sufficiently close to 0y. Also, because 6y, is a simple zero of a, one has |a(0)| < |0 — 6x| near 0y.
Therefore

[F'(6) — F'(61)| = [F(0)| = |a(0) |t ()| = -

V/1og(1/16 — 0x|)

as 0 — 0.

Consequently, for every oo > 0,
[F"(0) = F'(0k)]|
|9 — 0k|a

because |0 — 01,|*\/10g(1/]0 — 0x|) — 0. Therefore VF is not locally a-Holder continuous near 0y,
for any o > 0, even though the optimistic minimizer is unique for every 0.

— 00 as 0 — 0y,

The key intuition bebind the above construction is that, at every zero of a, the tangential second
derivative of the restricted objective is ¢/ (0) = 0, so 2* () is degenerate in the following sense.

Definition 3.4 (Degenerate and non-degenerate optimistic minimizers). Fix 6 € © and let x € 0(6).
We say that x is a non-degenerate optimistic minimizer if

(v, V2, f(0,2)v) >0 vo e T2\ {0}.
Equivalently, f(6,-) has strictly positive second-order derivative along every tangent direction of

the solution manifold S(0) at x. If this condition fails, we call x a degenerate optimistic minimizer.
When 0(0) is a singleton, we also simply say that the point x*(0) is non-degenerate or degenerate.

Non-degeneracy of the unique optimistic minimizer implies local smoothness of /. To establish
the stronger stability needed for the subsequent complexity analysis, we rule out this pathological
case by assuming that the unique optimistic minimizer z*(6) is non-degenerate.

To prove the local smoothness of F, the main missing ingredient is to establish 2*(f) € C*. Once this
is available, we can write F'(6) = f(6,2*(0)) locally and then control V F using the regularity of
f, g together with the pseudoinverse hyper-gradient formula. The next theorem provides F is locally
smooth via two applications of the implicit function theorem.



Theorem 3.5 (Smoothness of the hyper-objective under unique non-degenerate optimistic minimizer).
Let f be C? and let g be C? and satisfy Assumption|l} Fix 0y € © and suppose that the selected
optimistic minimizer x*(0) is unique and non-degenerate in the sense of Deﬁnition Then there
exists a neighborhood U of 0y and a (unique) C* selection x* : U — R® with *(0) € S(0) such that
F(0) = f(0,2%(0)) for all 0 € U. Consequently, F' is locally smooth.

We now sketch the two-IFT construction behind this stronger statement.

Proof sketch. Let zo := x*(fy) and abbreviate 75 := T2, Ny := N2. Let dim(75) = k and
choose orthonormal bases U7, € R¥** and Uy;, € R**(¢~¥) spanning Ty and Np.

Step 1: parameterize S(0) locally by solving the normal equations. This is exactly the same normal-
chart construction as in Step 1 of the proof sketch of Theorem[3.2] In the notation introduced there,
the implicit function theorem yields a C? map v = ¢(f, u) and hence the local chart

(0, u) :=x0 + Uryu + Unyp(0,u).
On a sufficiently small neighborhood, u + (6, u) parameterizes the local branch of S(6) near x.

Step 2: reduce the optimistic minimization to an unconstrained problem in intrinsic coordinates.
Define the pullback objective f (6, u) := f(0,1(6,u)). A point 2 = (6, w) is a constrained critical
point of f(6,-) on S(A) iff V., f(6,u) = 0. At (6, 0), this stationarity holds, and Assumption
implies that the second-order variation of f (6, -) is positive definite at u = 0, hence D., (V.. f)(60,0)
is invertible. Applying the implicit function theorem again yields a C! map u*(f), unique among
nearby solutions, solving V, f (6, u*(6)) = 0. Setting 2*(6) := (0, u*(6)) gives the desired C*
selection and the local identity F'(8) = f(0,z*(9)).

Step 3: obtain the hyper-gradient by the chain rule. Finally, since F'(0) = f(6,2*(6)), the
hyper-gradient follows from the chain rule. At a constrained minimizer, the tangential component
of V;f(0,2*(0)) vanishes, so only the normal component of Dyz*(6) is needed. Differentiat-
ing the lower-level stationarity condition V,g(6,2*(8)) = 0 and applying the pseudoinverse of
V2.9(0,2*(0)) yields this normal sensitivity, and substitution gives (3). [ |

Global assumption on minima-selection for complexity analysis. The above discussion is
entirely local: we assume that the unique and non-degenerate optimistic minimizer condition holds
only in a neighborhood, and the smoothness of I established above is therefore also local. For the
subsequent complexity analysis, we strengthen this assumption and require it to hold for all § € ©.

Assumption 3 (Unique and non-degenerate selected optimistic minimizer). For every 6 € ©, the
selected optimistic minimizer x*(0) is unique and non-degenerate in the sense of Deﬁnition

4 Hyper-Gradient with Minima Selection (HG-MS)

Under Assumptions[T]and[3] we describe our algorithm HG-MS, for finding a stationary point of the
hyper-objective F'. We need to address the following challenges in our algorithm design:

e Optimization over an implicit, non-convex set. The feasible region S(#) of minima-selection

is a non-convex Riemannian submanifold, so minima-selection itself is a non-convex problem.
Beyond the intrinsic difficulty of non-convex global optimization, here S(#) is not given explicitly
(as is typical in Riemannian optimization), but only implicitly as the minimizer set of g(6, -).

o Stabilizing the pseudo-inverse computation off-manifold. Because the Langevin-based proxy
for 2*(0) will generally not lie exactly on S(6), the Hessian pseudo-inverse in eq. (3)) must be
computed in a manner that is robust to this mismatch.

We now describe in details the two components of HG-MS tailored to the non-singleton lower-level
solution set regime: (i) Best-of-N (BoN) selection from a Gibbs measure concentrated near S(6),
used to approximate the optimistic selection rule. and (ii) a stabilized implicit step that computes a
pseudoinverse action via a ridge-regularized linear solve using Hessian—vector products.



BoN selection near S(). Given the nonconvex nature of minima-selection , our strategy for any
fixed 6 € © is to approximate the range of values taken by (6, -) over S(8). Since S(9) is defined
only implicitly, however, this cannot be done directly. To circumvent this difficulty, we consider the

Gibbs measure
1y (0)(dz) o< exp{—g(0,z)/A}dx. )

Under the manifold regularity induced by PL°, as A | 0, the measure ug)\ concentrates in a thin tube
around S(#), with exponential decay in both the distance to S(¢) and the inverse temperature 1/\.
This suggests treating samples from ,u;}(ﬁ) as a proxy for enumerating points on S(0).

Given candidate samples X1, ..., Xy at the outer iterate 6;, we approximate the optimistic rule via
the following hard selection step:

i* € arg min f(0, X;), N (6) == X

For the analysis, it is convenient to interpret this BoN procedure as an effective lower-tail operation at
level § := 1/N, meaning that the selected point lies approximately in the best § fraction of lower-level
candidates, as measured by f(6, -). The resulting selection accuracy, together with its dependence on
the geometry of S(#), is developed in the theoretical part; see Appendix

To sample from u;‘ (0), we use the standard unadjusted Langevin algorithm (ULA) [[Chewi et al.,

2024, which converges in (7)()\_1) steps thanks to the Poincaré inequality established in [Gong et al.,
2024]. Together with the exponentially fast concentration of ;) around S(6) as A | 0, this yields a
favorable trade-off between selection accuracy and computational efficiency.

Remark 4.1. We note that the idea of approximating S(0) via the Gibbs measure i, (0) has also
appeared in [Masiha et al.||2025|]. However, that work focuses only on approximating the value of the

hyper-objective F', whereas here we must approximate the solution to minima-selection , which is a
substantially more challenging task. As a result, the approximation analysis requires a completely
different approach.

Hyper-gradient evaluation at the selected point. Once a proxy 37;(f) has been selected, we
estimate the hyper-gradient by replacing it with 2*(6) the formula . For compactness, let 6; be the
tth iterate and denote 37, (6) by 7;. Letting H; := V2_g(6;, %), the only nontrivial operation is the
action H] 'V, f(6;, &;). We approximate this action by solving the linear system

(Hy +~I) 0 = Vo f (0s, %)

using conjugate gradients (CG) with Hessian—vector products, stopping when the residual is below
Nt» i.e.,

|V f (01, ) — (Hy + 1) 0 || < e %)

where v > 0 is a ridge parameter. This regularization is motivated by two issues: (i) even on the
manifold, V2 _g(, -) is singular along tangential directions (hence the appearance of a pseudoinverse),
and (ii) in our algorithm Z; is only approximately on S(6;), so H; can be poorly conditioned in rare
cases. To control rare ill-conditioned solves far from S(6;), we optionally apply a standard safeguard
by clipping the solve output:
Ve = PrOjIB(O;RU) (’Dt)7

for a fixed radius R, > 0 (this safeguard is only used in the theoretical guarantee and can be omitted
in practice). We then compute

he = Vof(6i,8) — Vi,9(0:, &) v, ©)
and update 6 by a projected step on the feasible region ©.

Algorithm [T| summarizes the resulting outer loop. The standard ULA sampling primitive used in its
first step is deferred to Appendix [A} see Algorithm [2]

5 Convergence Analysis of HG-MS

Analytic regularity and growth assumptions. In addition to the geometric structure of S(6), our
analysis requires standard smoothness and growth conditions to (i) control stability constants in the



Algorithm 1 HG-MS: Hyper-gradient with minima selection

Require: initial §; € ©; stepsizes {a;}; temperature A > 0; number of chains N; LMC steps K;
LMC stepsize h; CG tolerances {1 }; (optional) ridge v > 0; (optional) clip radius R, > 0.

1: Initialize chain states Xé,l), . ,Xéoj)\, (e.g., i.i.d. from a prior).
2: fort=0,1,2,... do ’

3 for : = 1to IV in parallel do

4 X,; 4+ LMC-ULA(6;, 9, X\, A\, K, h)

5:  end for '

6: iy «—argmini<i<n f(0r, Xti); Ty < Xpir.

7:  Approximately solve for v;:

(V3290 &) + 1) 0 = Vo f (61, 1)
by CG (HVPs only) up to residual 7.
8:  (Safeguard; optional) v; < Projg, Rv)(f)t) (otherwise set v; = 0y).
9: ht < VQf(Gt,.f?t) — ngg(ﬁt, i‘t) ’L/J\t

10: (Update) 915_;,.1 — Proj@(ﬁt — O[tht).
11: end for

bilevel objective and (ii) ensure that the Gibbs measures used in sampling-based approximations
are well-defined without imposing an a priori bounded domain in the lower-level variable. These
assumptions will be invoked in Sectiondto define Gibbs/Langevin exploration and in Section [5]to
control tube-width, mixing, and stability constants in the hyper-gradient error bounds. We collect
these requirements below.

Assumption 4. The following statements hold for all 6 € ©.

e Regularity of f. f is C' and L -Lipschitz, and Ly 5-smooth with respect to (0, ). Moreover,
forall x € R?,
1f(6,2)| < C¢llz|| + Dy,
for constants Cy, Dy > 0 and an integer ny > 1.
e Regularity of g. For every 0, the map x — ¢(0,x) is C* and L o-smooth (i.e., Vg(0,-) is
L 2-Lipschitz). Moreover, for all x € R4,

1869(0,2)l| < Cylzll"™ + Dy,

for constants Cy, Dy > 0 and an integer ng > 1.

o Continuity of the lower-level Hessian. The Hessian 02g(0, ) is continuous with respect to
(0, ).

o Quadratic growth outside a compact set. There exist constants D > 0 and jiqg > 0 such that for
all ||z|| > D,

Hag 1. .2 .
5 dist*(z,S(6)) < g(0,2) — L 9(0, 2).
W.Lo.g. we take D large enough so that S(0) C B4(0; D) for all 6 € ©.

The smoothness and Lipschitz-type conditions above are standard in the bilevel optimization literature
[Kwon et al.,[2023bl (Chen et al., 2024]]. The main distinction in our setting is that we do not restrict
the lower-level variable = to a bounded domain; instead, quadratic growth beyond a compact set
provides the coercivity needed to control the tails of Gibbs measures [Hasenpflug et al., 2024].
Likewise, rather than assuming boundedness of f, we allow polynomial growth, which is compatible
with many learning objectives while still yielding uniform bounds in the regimes we analyze.

Under Assumption [3} the local C* selections from Theorem patch together on the compact set O,
so the local smoothness statement globalizes. The next proposition records the resulting Lipschitz
continuity of VF on © (proof deferred to Appendix D).

Proposition 5.1 (Smoothness of F'). Let Assumptions and hold and assume f is C? and g is
C3. Then there exists L < oo such that for all 6,0" € ©,

IVE() = VE(@')| < Lr 6 - 0.
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In particular, F is Lg-smooth on ©.

This section gives a standard outer-loop guarantee for projected gradient descent with inexact hyper-
gradients, and then bounds the hyper-gradient error e; for HG-MS in terms of selection, sampling,
and linear-solve errors.

5.1 Outer-loop guarantee

Let Algorithmproduce iterates {6, } and hyper-gradient estimates hy in (6), and define the hyper-
gradient error e; := hy — VF(0;). We also define the projected gradient mapping

Go(0,VF(0); ) := a™ " (6 — Proje (0 — aVF(0))).

The following inexact projected-gradient bound is standard when £’ is uniformly smooth; we state it
for completeness [e.g.,|Ghadimi et al., [2016, |[Nesterov, 2003].

Proposition 5.2 (Convergence to near-stationarity with inexact hyper-gradients). Let Assumptions ]
Iand. 4 hold. Suppose that F is Lp-smooth on ©. Let F, := infgco F(6) > —oo. Initialize 6y € ©

and run the projected update 0y = Projg (6 — aht) wzth a constant stepsize « < 1/Lp. Then for
anyT > 1,

LS B IGa 0, VPO < SECL T 10N g &
t=0

aT
t=0

The proof is given in Appendix[D] In the smooth regime, the outer-loop analysis reduces to controlling
the hyper-gradient error. Thus, (7)) makes explicit that all approximation effects from HG-MS enter
only through the hyper-gradient error term e;, which we bound next.

5.2 Bounding the hyper-gradient error

Proposition reduces the outer-loop analysis to controlling the hyper-gradient error e; = Et —
VF(6;). In this subsection we bound its second moment E||e;||?. This error arises because HG-
MS (i) evaluates the implicit hyper-gradient formula at a selected candidate z; instead of the ideal
optimistic point z*(6;), and (ii) replaces the pseudoinverse action by a ridge-regularized, inexact
linear solve (CG/HVPs) with residual tolerance 7;. In particular, at each outer iteration the CG
subroutine returns ¥y satisfying the residual condition (3]), which we treat as part of the algorithmic
specification.

We use a standard fube event around S(6;) to ensure uniform conditioning of the ridge matrix and
to control how often the selected point leaves this tube; see Appendix [E] (ridge invertibility) and
Appendix [F (tube tails for Gibbs/LMC candidates) for details.
Theorem 5.3 (Second-moment hyper-gradient error bound). Let the assumptions of Proposition
hold and recall e; = hy — VF(0;). Fix v > 0 and define H; := V2,g(0;, % and E =
{dist(Z:,S (Gt)) r(v)}, where r(v) is the tube radius from Appendix |E|(Lemma . Assume
the CG output vy satisfies [B) with tolerance 1, and that the algorithm uses the cllppmg safeguard
= Projgo;r, )(Ut) Choose the clipping radius R, as in Appendsz(Lemma.) so that vy = vy
on Et Then for all t,

2
Elled® < 32 (14245255 EllFe—a7(00)|1e,] + 250 07 + 3C2, 1 + B2P(ED), ®)

where Cy, Chin, Creg < 00 are stability constants (depending on global smoothness/Lipschitz bounds
and the normal spectral gap of V2,.g on ©), ¢ > 0 is the uniform normal spectral gap constant from
Proposition[2.3] and B, < oo is a uniform off-tube bound obtained from clipping. See Appendix|E]
(Lemmas[E-3|and [E.3)) for explicit definitions and proofs.

The proof is given in Appendix [E.T}

The bound (8) reduces control of E||e;||? to bounding the squared selection error E||Z; — z*(6,)||%,
which we do next.
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5.3 Bounding the selection error

Theorem [5.3|reduces bounding E||e;||? to bounding the squared selection error E||Z; — z*(6;)]|?
produced by the sampling-and-hard-selection step of Algorithm [I} The next theorem records a
quantitative bound (details are in Appendix [F).

Theorem 5.4 (Expected squared selection error bound under Rényi-2 candidate accuracy). Fix 6 € ©
and let Assumptions and hold. Assume in addition that the Gibbs measure ug‘ satisfies a Poincaré
inequality with constant at most Cpy. Let X1, ..., X be independent candidates with marginal
laws vy, ..., v, and define € 1= maxi<i<y R2(V¢||u§). Let & € argminy<;<n f(0, X;) be the
hard-selection output. Then

1 4D?
E[ — 2*(0)]* < 2Ciube2 %/ Alog(1 + N) + 2 < + ) x
Chg Aro

(2224 Coe VAR 4+ €181 4 g, /NG (- 1)).

Here Ly is from Assumption ' the remaining constants are defined in Appendix [F| (Lem-

mas 3] [£3) 8 9.

The proof is given in Appendix [F] By substituting the selection-error bound (9) into the hyper-
gradient stability bound (8], we obtain the following bound on the hyper-gradient error in terms of
the parameters of Algorithm[I] The proof is given in Appendix

Corollary 5.5 (Hyper-gradient error in terms of algorithmic parameters). Let Assumptions[l}[3|and
hold and assume f is C? and g is C3. Assume in addition that each Gibbs measure Mé\, satisfies a
Poincaré inequality with constant at most Cpy. Fix vy € (0,1]. At iteration t, let Xy 1, ..., X, n be in-
dependent candidates with marginal laws vy 1, . . . , v N, and define 62R = maxy<i<n Ro(vt; ||ug)\t).
Then, uniformly over t,

— 2 1/2
Elle,| = O<\//\log(1+N) + NV 4 /N Cpr (et —1)7" + 12

72

+ ¥+ Netn/2 exp( — Cugoe T(:{)2>> _

Finally, we derive the total first-order oracle calls for the LMC sampler, together with the function
evaluations used in hard selection, when the number of LMC iterations is chosen so that the Rényi
error eg is sufficiently small. The proof is given in Appendix [D.T]

Corollary 5.6 (Total oracle complexity (informal)). Fix ¢ € (0,1). Assume the setting of Propo-
sition and run HG-MS with « = 1/Lp. With the parameter choices from Appendix
ensuring sup, Elle;||> = O(e?), Pro osition ields an e-stationarity guarantee after T' =
Elle: » Prop y € e ift
O(Lp(F(0o) — F.)/e?) outer iterations. Moreover, under the explicit scaling N = [e=%¥],
A = £8/log(1 + N), the Rényi tolerance e = e**t?%, and K = O(d C3;\"%e5?), each outer
iteration uses N K evaluations of Vg (LMC) and N evaluations of f (hard selection). Hence the
total number of oracle calls satisfies

T(NK + N) = 6(d C2, 5—26—8’°),

dominated by the sampler term TN K.

6 Empirical Evaluations

Overview. We evaluate minima selection for hyper-gradients on two bilevel learning problems. In
both, the lower level fits a model by minimizing a training objective g(6, -) on Dy, while the upper
level evaluates a validation objective f (6, -) on a different distribution Dy,,. This train—validation
mismatch creates multiple lower-level solutions with similar training loss but noticeably different
validation loss. A plain hyper-gradient method differentiates through whichever lower-level solution

12



the optimizer happens to reach, whereas HG-MS explicitly explores multiple lower-level candidates
and selects the one with the smallest validation objective, better matching the optimistic bilevel
model studied in Section[3] In Section[6.1] the mismatch is due to label noise (training labels are
corrupted but validation labels are clean) and the upper level learns one weight per training example.
In Section[6.2] the mismatch is due to class imbalance (the training set is highly imbalanced, while
validation/test are class-balanced) and the upper level tunes class-wise loss parameters to improve
balanced accuracy. We compare HG-MS to a plain hyper-gradient baseline (HG-BASELINE) and to
penalty/alternating baselines (V-PBGD, G-PBGD, IAPTT-GM); citations are given when introducing
each method below. Unless stated otherwise, we report train/test accuracies under a fixed wall-clock
budget per algorithm and summarize performance with mean + 95% confidence intervals across
independent runs. Throughout, CE(+, -) denotes cross-entropy (negative log-likelihood).

6.1 Data hyper-cleaning (MNIST label noise)

Setup. We study data hyper-cleaning on MNIST, a standard bilevel benchmark in which the upper-
level variable assigns a soft weight to each (potentially corrupted) training label. The lower-level
(follower) trains a classifier by minimizing a weighted training loss on the (possibly noisy) training
set, while the upper-level (leader) minimizes the validation loss on a small clean validation set. We
use a 2-layer MLP (hidden size 300) and follow the split used in our code: we subsample the MNIST
training split and randomly partition it into 5,000 lower-level training points, 100 validation points,
and 10,000 test points (all drawn from the same underlying MNIST training set). We corrupt a
fraction p € {0.4,0.6,0.8} of the training labels uniformly at random. This yields a challenging
regime (small training set with substantial label noise) in which explicit hyper-cleaning is meaningful
and differences between upper-level updates become visible under a fixed time budget.

Bilevel model. Let # € R™ be training-example hyper-weights and let y denote the follower
network parameters. Writing w = o(f) (sigmoid reparameterization), we consider the bilevel
problem

min min f(6,y
OER™tr ycargmin, g(0,z) ( ’ )7

which is the optimistic formulation: for each 6, among all minimizers of the weighted training loss
9(0, -) we select the one with smallest validation loss f(6, -). The lower-level objective is a weighted
training loss

1 & o ~tr A
0(0.) = = > wi- CE(hy (), &) + Sl
Ui=1

and the upper-level objective is the validation loss on clean labels,
1 — va. va.
f(0,y) = > CE(hy (™), ¢™).

J J
Nval )
j=

Methods. We compare the plain hyper-gradient baseline (HG-BASELINE; implicit differentiation
at the attained inner solution) [Lorraine et al.| |2020] against HG-MS, and include representative
penalty-based baselines V-PBGD/G-PBGD [[Kwon et al., 2023b, [Shen and Chen), 2023]] and a
trajectory-truncation alternating baseline IAPTT-GM [Xiao et al., [2023} [Shaban et al.| 2019]. All
methods use the same model class and AdamW in both levels (see code in the repository). In this
label-noise regime, many inner solutions fit the corrupted training labels similarly well; by selecting
the candidate that minimizes the clean validation loss, HG-MS yields hyper-gradients that are better
aligned with the target objective.

Time-budget comparison. Figure 2| reports mean and 95% confidence intervals under a fixed
wall-clock budget per algorithm on a single NVIDIA H100 GPU (60s for p € {0.4,0.6}; 120s for
p = 0.8), using 5 runs for each corruption rate. In the hardest setting p = 0.8, HG-MS improves the
mean test accuracy from 64.5% (HG-BASELINE) to 66.1%, and outperforms the penalty/alternating
baselines under the same time budget.

6.2 Parametric loss tuning for imbalanced data (MNIST)

Setup. We study bilevel loss tuning for class-imbalanced MNIST classification. From the MNIST
training split, we construct an imbalanced lower-level training set by keeping each example of digit

13



Table 1: Data hyper-cleaning (MNIST): train/test accuracies under different corruption rates.
Mean =+ 95% CI accuracies (in %) at a fixed wall-clock budget per algorithm: 60s for p € {0.4,0.6}
(5 runs each), and 120s for p = 0.8 (5 runs).

p=0.4 p=0.6 p=0.28
Method Train Test Train Test Train Test
HG-baseline 79.69+1.78 81.22+1.45 70.19+£7.56 73.09+4.86 63.48+2.48 64.544+2.62
HG-MS 89.00+1.60 86.98+1.02 81.12+2.71 80.08+2.52 66.47+2.69 66.08+3.51
V-PBGD 61.62+4.56 60.43+4.69 62.12+2.65 61.23+3.44 60.294+2.16 60.07+2.08
G-PBGD 70.73+4.48 69.21£4.93 67.40+£7.94 66.26+7.86 58.84+3.87 58.77+4.93
IAPTT-GM  71.4642.76 71.04+£3.45 69.86+2.74 69.68+3.29 63.84+2.95 63.48+2.14
Training Accuracy vs Time (mean + 95% CI) Training Accuracy vs Time (mean + 95% CI) Training Accuracy vs Time (mean + 95% CI)
Y w
y D /—— ”
(a) Train, p = 0.4. (b) Train, p = 0.6. (c) Train, p = 0.8.
Test Accuracy vs Time (mean * 95% CI) o Test Accuracy vs Time (mean * 95% ClI) Test Accuracy vs Time (mean * 95% ClI)
7 J = S
60 E ) — == 50
(d) Test, p = 0.4. (e) Test, p = 0.6. (f) Test, p = 0.8.

Figure 2: Data hyper-cleaning (MNIST). Train (top row) and test (bottom row) accuracies vs. time
at corruption rates p € {0.4, 0.6, 0.8}. Accuracies are plotted as mean + 95% confidence intervals
(fixed budget per algorithm: 60's for p € {0.4,0.6} with 5 runs, and 120 s for p = 0.8 with 5 runs).

c €{0,...,9} with probability p. = b¢ (we use b = 0.3), which yields a long-tailed label distribution
in which larger digits are much rarer. We also hold out a small class-balanced validation set (1000
images total, roughly 100 per digit) for the upper-level objective, and we report performance on
the standard MNIST test set. Because the training distribution is imbalanced while validation/test
are class-balanced, we evaluate using balanced accuracy (macro-averaged recall). The upper-level
variable parameterizes a class-wise transformation of the logits inside the cross-entropy loss,

ls~(c; x) = CE(h(m)@w—&—J, c)7

where h(z) € R0 are the classifier logits, § € R'C is a per-class bias, and v € R!? is a per-class
scale (both bounded via tanh reparameterizations). The lower level minimizes the imbalanced
training loss g(d, v, -), while the upper level minimizes a class-balanced validation objective f (4,7, -)
(implemented via inverse-frequency class weights). In our implementation, the same logit shift/scale
(8,7) is applied in both g and f, so 0 affects the upper-level objective both directly and through the
trained network parameters. Training uses data augmentation (denoted ), while validation and test
examples are left unchanged.

Bilevel model. Let 0 = (5,7) € R!? x R0 be the loss parameters and let y denote the CNN
parameters. Let nt, and n.,) denote the sizes of the (imbalanced) training set and the (class-balanced)
validation set. We solve the optimistic bilevel problem
min min
0 ycargmin, g(0,z)

f(0,y),
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Table 2: Imbalanced loss tuning (MNIST): final balanced accuracies. Mean + 95% CI balanced
accuracy (%) at the last time point (120 s per algorithm).

Method Train BalAcc Test BalAcc

HG-baseline  99.46+0.20  95.48-+0.77
HG-MS (ours)  99.51+0.26  96.45-0.11

V-PBGD 91.31£2.19  90.54+1.95
G-PBGD 75.88+£2.17  77.40+1.41
IAPTT-GM 82.74£2.62  82.13£2.30

i.e., for each 6, among all minimizers of the training loss g(#, -) we select the one with the smallest
validation loss f(#, -). The lower-level objective is

Nty

1 i A
g(0,y) = EZCE(hy(%)@%L& ci) + Sllyl3,
T =1

and the upper-level objective is

Mval

1 As A
FO) = =3 e, - CBlh () 07+ 0. ) + 221013 + 2y — 113

n
val j=1

where u.. is an inverse-frequency class weight computed on the validation set. Here Z; denotes the
train-time augmented view of x;, while validation and test examples are uncorrupted.

Methods. We compare HG-BASELINE (plain hyper-gradient) [Lorraine et al., |2020] against HG-
MS (our minima-selection variant), and include penalty-based baselines V-PBGD/G-PBGD [Kwon
et al., [2023b}, Shen and Chen, [2023]] and a trajectory-truncation alternating baseline IAPTT-GM
[Xiao et al.,[2023] |Shaban et al.,[2019]]. For HG-MS, we maintain a small ensemble of lower-level
candidates trained on g(-) (one “base” run plus 4 LMC branches with slightly perturbed optimizer
settings) and select the candidate that minimizes the validation objective f(-) at each outer step.
Intuitively, when the training distribution is imbalanced but validation/test are balanced, different
follower solutions can achieve similar training loss yet differ in balanced accuracy; selecting the
best candidate for f yields a more informative hyper-gradient than differentiating through a single,
potentially suboptimal solution.

Time-budget comparison. Figure [3| reports mean and 95% confidence intervals under a fixed
wall-clock budget of 120 s per algorithm on a single NVIDIA H100 GPU. In this regime, HG-MS
improves test balanced accuracy by about 0.97 percentage points over HG-BASELINE at the same
wall-clock budget.
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CI; 120s per algorithm).
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Algorithm 2 LMC-ULA(0, g, 2%, \, K, h)

Require: 0; lower objective (6, -); initial state 2(*); temperature \; steps K; stepsize h.

1 x+— 20,

2: fors=0to K — 1do

3. Draw &0 ~ N(0, 1).

4 x4 —hV,g(0,x) + V2 hED),
5: end for

6: return x.

A Standard ULA Sampling Primitive

For completeness, we record the standard unadjusted Langevin algorithm (ULA) used inside HG-MS;
see, e.g.,|Chewi et al.| [2024]. This is the sampling subroutine invoked in Step 3 of Algorithm|[I}

B Related Work

Bilevel programming and set-valued lower-level solutions. Bilevel optimization has a long
history in mathematical programming; see, e.g., Vicente and Calamai| [[1994]], |Dempe [[2002], |(Colson
et al.| [2007], Luo et al.|[1996], Dempe and Zemkoho| [2020]. Classical approaches often reduce
bilevel problems to single-level programs, either via value-function reformulations or by replacing
the lower-level problem with its KKT/MPEC optimality system [[Ye and Zhu, |[1995| 2010, Dempe
and Zemkohol 2012} Zemkoho and Zhoul, 2021]]. Such reductions can lead to nonsmooth constraints
or complementarity conditions, and practical implementations often rely on penalty, smoothing,
or big-M relaxations [Xu and Yel 2014} [Kleinert et al.,|2020]. In machine-learning applications,
however, one typically seeks scalable gradient-based methods, which requires an explicit handle on
how the lower-level solution depends on 6.

Hyper-gradient methods under singleton lower-level minimizers. Most gradient-based bilevel
methods in machine learning operate in regimes where the lower-level solution map is single-
valued, so that the hyper-objective is differentiable and hyper-gradients can be computed by implicit
differentiation or truncated backpropagation [Pedregosa, 2016, |[Franceschi et al., |2017, [Lorraine
et al.,|2020, Shaban et al.,|2019]]. This setting also underlies a growing literature on differentiable
optimization layers and modular implicit differentiation frameworks [Ablin et al.l 2020} |Arbel and
Mairal, |2021], |Blondel et al.,|2022]]. While these works differ in how they approximate the implicit
step (e.g., Hessian-free or fully first-order surrogates), they largely share the assumption that the
lower-level minimizer is unique, so minima selection is absent.

Relaxing strong convexity via global regularity and penalties. Several recent analyses relax
strong convexity by assuming global PL. / error-bound conditions and deriving convergence guarantees
for bilevel gradient methods, often through penalty perturbations or regularity of the perturbed
objective g + o f [Chen et al., 2024, Kwon et al., 2023bl [Huang|, 2024} |Liu et al.| [2022al, [Kwon
et al.| [2023a]]. As discussed in Appendix [B.1] when combined with standard boundedness/coercivity
assumptions these global conditions typically rule out bounded non-singleton minimizer sets for
smooth lower-level objectives [Criscitiello et al., 2025, Masiha et al., [2025]], effectively reducing
the optimistic formulation to the classical singleton-minimizer regime. Other lines of work obtain
differentiability or algorithmic guarantees under convexity of the lower-level objective in = [Xiao
et al.| 2023} Shen et al.| 2025a], which excludes many practically important nonconvex settings.

Minima selection beyond the singleton regime. When the lower-level solution set is non-singleton,
the optimistic (and pessimistic) bilevel objectives are inherently selection problems over S(¢) [Dempe
et al., 2007, Ye et al., {1997} |Ye and Yel [1997], and the induced hyper-objective can be nonsmooth
even for smooth f, g due to branch switching. Recent work has proposed to control non-uniqueness
through explicit selection maps or qualification conditions for parameterized critical points [Arbel
and Mairall, 2022, Bolte et al., 2025]], and to target generalized stationarity notions for the resulting
nonsmooth objectives [[Chen et al.| 2025]. Complementary to these directions, our prior work [Masiha
et al.l 2025]] introduces a superquantile—Gibbs relaxation that turns minima selection into sampling
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from a Gibbs measure and yields dimension-aware complexity guarantees for optimizing a nonsmooth
Lipschitz hyper-objective. The present paper instead establishes classical differentiability of the
optimistic hyper-objective in the manifold-minimizer regime under local P£° and a local identifiability
assumption, yielding a correct pseudoinverse hyper-gradient and a practical hyper-gradient method
with explicit minima selection.

B.1 Comparison with penalty-based differentiability analyses

We compare our standing assumptions to penalty-based differentiability analyses such as/Kwon et al.
[2023b] and (Chen et al.|[2024]], which study the perturbed lower-level objective

he(0,2) == g(0,z)+of(0,x), o> 0.

What is assumed in penalty-based differentiability works. A representative sufficient condition
in this line of work is a o-uniform error-bound / PL-type regularity of h, (6, -) in the lower-level
variable z for all o € [0, 0], with constants that do not degenerate as o |, 0. For example, [Kwon et al.
[2023b]] assume a (small-error) proximal error-bound condition for h (6, -) that holds uniformly for
all o € [0, 0], together with coercivity and smoothness assumptions. In the smooth unconstrained
setting, such a proximal error bound is equivalent to a PL inequality [Chen et al., 2024, Prop. C.1]. In
particular, since 0 = 0 is included, these assumptions enforce a PL / error-bound condition for g(4, -)
itself.

Implication: singleton lower-level minimizers. For C? objectives, a global PL. condition implies
that the minimizer set is either a singleton or unbounded [Masiha et al., 2025]]. Therefore, under
standard assumptions that rule out unbounded minimizers (e.g., coercivity, or compactness of S(6)),
the lower-level minimizer must be unique [Criscitiello et al.,[2025]). In this regime, the optimistic

bilevel objective reduces to the classical singleton-minimizer setting, where minima-selection is
redundant. Several recent analyses in nonconvex bilevel optimization fall into this category (global
PL / error bounds together with coercivity/compactness) and hence effectively assume a singleton
lower-level minimizer; see, e.g.,[Huang|[2024], [ Kwon et al.|[2023b]. Other works enforce uniqueness
more directly (without explicitly invoking global PL), e.g.,Liu et al.|[2022a].

What our assumptions imply about ,. Our standing assumptions do not require h, (6, ) to
satisfy a o-uniform PL/error-bound condition. Nevertheless, when PL°holds and the minima-selection
problem min, e sy (6, 7) has a unique nondegenerate minimizer z*(¢) (Assumption , the penal-
ized objective h,(0,-) = g(0,-) + o f(0,-) is locally well-behaved for each fixed (small) o > 0, but
with conditioning that deteriorates as o | 0. The next lemma makes this precise.

Lemma B.1 (Local PL for &, in the manifold regime (non-uniform in 0)). Fix 8 € © and abbreviate
g(z) == g(6,2), f(z) = f(b,2), and h,(z) := g(z) + o f(x). Assume Assumptions|I|and[3|hold
at 0, and let ©* := z*(0) € S(0) be the unique optimistic minimizer. Define the normal curvature
and tangential curvature constants

c, = Ienf\lfr‘} (v, V2,9(z*)v) > 0, ¢ = réurel (v, Hesss(o)(fls(o)) (@) [v]) > 0,
ol o<1

where the second quantity is positive by Assumption[3} Then there exist oo > 0 and r > 0 such that
for every o € (0, 09):

1. hg has a unique critical point x, in Bg(x*; 1), and this point is the unique minimizer of h, on
Ba(z*;m).

2. hg satisfies a local PE inequality on By(x*; 1) with a constant i, that can be chosen as
Ly = % min{c, oc)}. (10)
That is, for all © € By(z*;r),

ho(2) = ho(zs) < (2p0) ™" [|[Vho (@)%
In particular, if dim(S(6)) > 0, then p, = O(c) as o | 0.

Proof. We sketch the standard local strong-convexity mechanism behind (T0); the key point is that
PE°supplies curvature in directions normal to S(6), while Assumption [3|supplies curvature along the
manifold.
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Step 1: Normal stationarity can be solved by the IFT. Let k := dim(S(#)) and set 7 := T2,
N := NP.. Choose orthonormal matrices U7 € R*** and Uy € R?*(@=*) spanning 7 and \. For
(u, v) near (0,0), define z(u, v) := 2* + Uru + Upv and
B, (u,v) = Uy Vhy(z(u,v)) € RF,
Since z* € §(0), Vg(z*) = 0, hence ®((0,0) = 0. Moreover,
D (I)O(O 0) UNVT’I‘g( )Uj\/

By PL°(see Proposmon [2.3), this matrix is SPD and its minimal eigenvalue is ¢ . By continuity
of V2,g and V2, f, there exist r > 0 and op > 0 such that for all o € [0, 0] and all (u, v) with
[ull + ol <,

)\min(qu)o(uav)) Z % (11)
Therefore, by the implicit-function theorem applied to ®,(u,v) = 0, there exists a unique C*
map v = @, (u) (defined for ||ul| < r) such that @, (u, p,(u ) = 0. Define the corresponding
“normal-stationarity” manifold M, := {z(u, p(u)) : ||u|| <r}

Step 2: Tangential curvature is ©(c). Define the reduced objective h, (1) := hy (x(u, 0o (u))).
By the chain rule and @, (u, ¢, (u)) = 0,

Vhe(u) = Ut Vhe(x(u, op(u))).
Thus Vhe(u) = 0 iff Vh,(z (u, pg(u))) = 0, ie., critical points of h, in the neighborhood
correspond to critical points of .

Ato =0, ho = min g is locally constant because My C S(6). For o > 0, hy = ho + Ufg where
fo(u) := f(x(u, o5 (u))). Moreover, ¢, (u) is a C* perturbation of g (u) and g (-) parametrizes
S(0) near z* (as in the first implicit-function step of Theorem with 6 fixed). Therefore, the

Hessian V2 fg(O) converges to the intrinsic Hessian of the restriction f|s() at 2* as o | 0. By
Assumption this limiting intrinsic Hessian is positive definite with minimal eigenvalue ¢ > 0,
hence for o < o (shrinking oy if needed),

Amin(V2ho(0)) = 0 Amin( V25 (0)) > ZL. (12)

By continuity, (TZ) holds on a small ball ||u < r as well, so & is strongly convex there and has a
unique minimizer u,. Set 2, := z(uy, Y (tys)) € M,. By construction, x, is the unique critical
point of h, in B4(z*;r), and it is the unique minimizer of h, on B4(z*;r).

Step 3: From curvature to a local PL inequality. Fix o € (0, 0¢] and a point z = z(u, v) with
lw]l + ||v|| < r. Write the Hessian in the orthonormal basis U := [Uy U] as the block matrix

H(z) = U'V?h,(2)U = < §x§ fl::%)
)

By definition, Hy, () = Dy @y (u,v), so (L)) implies Hy, () = (c1/2)1, hence ||Hyy (@ )7L <
2/c . Moreover, the Hessian of the reduced objective he is the Schur complement of H,,:

VQhU(u) = Hyy(x) — Hyy(x) Hyp(z)~ Hy(2).

By (I2) (and shrinking r if needed), we have V2h, (u) = (oc;/2)1 for ||ul| < r. Therefore, using
the standard block factorization

H(z) = (g va@fjw(ﬂc)‘lf (Vzﬁ(;(u) va@) (5 Huv(a:n;fw(x)—l),

we obtain, for all z € R¢,

2 H(z)z > m ‘min{%cu’ %} 12112, R(z) := <(I) H““(x)l}lw(x)1> )

Finally, H,, (z) = UL V?h,(z)Uy and V2h, = V2g+0V?f. Since U} V2g(z*)Upn = 0 (tangent
vectors lie in ker V2 ( *)) and the Hessians are continuous, we may shrink  (independently of o)
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so that ||ULV2g(z)Un|| < ¢ /4 onBg(2*; 7). Together with the uniform bound |[V2 f(z)|| < Ly»
from Assumption[d] this yields

_ 2 /c 3
||Huv($)Hvu($) 1” S Z<ZJ— + O'Lf’2> S Z
for all o € (0, 0] (shrinking oy if needed). Hence ||[R™(z)|| < 1+ ||Hyw(2)Hyppo(2) 71| < 2, and
)
V?ho(z) = £ min{cy, oc|} I for all 2 € By(2*; 7).

In particular, h, is mq-strongly convex on By(z*;r) with m, := g min{c.,oc}. For an m,-

strongly convex differentiable function on a convex domain, one has the (local) PL inequality

1
ho(w) = ho(zs5) < e ||Vh0($)||27

which follows by applying strong convexity with y = z, and maximizing the resulting upper bound
over ||z — x,||. This gives the claim with u, := m, /2, which is exactly (I0).

Why our assumptions are weaker than o-uniform local PL. for g + o f. In the compact manifold
regime, the best possible local PE. constant for h, (6, -) necessarily deteriorates as o | 0 whenever
S(0) is non-singleton and f(¢,-) is non-constant along S(#). Indeed, one can upper bound any
admissible PL constant by testing the inequality on points of the minimizer manifold.

Lemma B.2 (No o-uniform local PE constant on neighborhoods intersecting a non-singleton S(6)).
Fix 0 and let x* € S(0) be the unique optimistic minimizer. Assume there exists T € S(0) such
that f(0,7) > f(0,2*) (i.e., f(0,-) is not constant on S()). Let U C R? be any neighborhood
containing both x* and T. If h (0, -) satisfies a (local) PL inequality on U with constant i, > 0, ie.,

ho (0, 2) = minho (0,y) < (20) " [Vaho 0,2)|> Vo el
Y

then )
o |IVaf(0,2)|

< - :

o= 2 0.5~ 6.4
In particular, i, = O(0) as o | 0, so no constant bounded away from 0 can hold uniformly over
o € (0, 09 unless S(0) is (locally) a singleton or f(0,-) is constant on S(0).

(13)

Proof. Fix such a neighborhood U and point Z € S(6) N U. Since z* € U, we have
mingey he (8, y) < he(6,2*), hence

ho(ewf) - ha(97x*) S ho(ev‘f) — min hﬂ(a)y)
yeU

Applying the PL inequality at z = Z and using that £ € S(0) (so V,g(0,z) = 0 and ¢g(0,z) =
9(0,2%)) gives

o (£(0,2) = £(0,2%)) < (200) 7" loVaf (0, 2)I%,
which rearranges to (13). ]

C Proof of Section 3
This appendix provides the proofs for Section

C.1 An explicit degenerate-selection example

This subsection provides the construction referenced in Section[3} the optimistic minimizer is unique
for every 0, yet the selection map 6 +— x*(0) is not differentiable at infinitely many points because
the minimum of f(6, -) over S(0) is degenerate at those parameters.

Example C.1 (Unique minimizer but non-differentiable selection). Let 6§ € R and x = [z, 73] € R2
Define the smooth function p : R — R by

(s) = e~s 5> 0,
P10, s <0.



Let r(0) := /1 + 62 and define the lower-level objective

2

9(0,2) == (|lz]* —r(6)*)".
Then g(0,-) > 0 and its minimizer set is the circle

8(0) = argming(0,z) = {z € R*: ||z =r(0)},
which is a compact embedded manifold (without boundary) that depends on 6.
Next define a(0) := e=1/%sin(10/6) for  # 0 and a(0) = 0. Define the upper-level objective
F(60,2) = ab+a(0) ws + p(—a1).

Since p(—x1) = 0 when x1 > 0 and p(—x1) > 0 when z1 < 0, any minimizer of f(0,-) on S(0)
must satisfy x1 > 0: if x € S(0) has x1 < 0, then reflecting it to T = (—x1,x2) € S(0) yields
f(0,%) < f(0,x). Therefore the minimizer lies on the right semicircle {x € S(0) : z1 > 0}, where
p(=x1) = 0.

On this semicircle, minimizing f reduces to the one-dimensional problem

min t* 4+ a()t),
te[—r(0),7(0)] ( (6) )

whose unique minimizer is
fald)
T
Since |a(0)| < 1 and () > 1, we have |[t*(0)| < 4=/3 < r(0), so this minimizer lies in the interior.
Thus the optimistic minimizer on S(0) is unique and given by

z*(0) = (Vr(0)? — (2(9))%, t(0)).

The corresponding optimistic value is

t(0) = —

F(#) = min f(0,z)= min t* +a(0)t :——a94/3,
( ) zES(O)f( ) te[fr(e),r(O)]( ( ) ) ( )|

because 4(t*(0))3 + a(0) = 0 implies
(£(0))* + al0)*(6) = (£(6))* — 4(t" (0))* = =3(¢(6))" = ——or5 |al0) |/

Hence F is C* on R and

with F'(0) = 0 whenever a(6) = 0.

At any 0 with a(0) = 0 (equivalently, t*(0) = 0), the restricted objective is t — t*, whose second
derivative at t = 0 is 0, so the optimistic minimizer is degenerate in the sense of Definition
Moreover, a(0) = 0 at 0, := 10/(km) for each k € Z \ {0} and these zeros are simple (indeed

a'(0g) = —10e~1/% cos(10/6y) /0% +# 0). Therefore, a(0) = a'(0x)(0 — Ox) + o(|0 — Ox|) and
t*(0) — t*(0k) L a(@)[?

rE— = 75 Al — oo asf — O,

so 6 — x*(0) is not differentiable at every 0y, (a countably infinite set accumulating at 0). Further-
more,

[E'() — F'(0u)| _ [F'(0)] _ |a’(60)""®
10— 04| 10— 04| 4173

10— 0,7%% = 00 asf — b,

so VF is not locally Lipschitz at any 0.
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C.2 (! regularity of I’ under uniqueness (no non-degeneracy)

We prove Theorem [3.2] Example[C.I|shows that even when the optimistic minimizer is unique, the
selection map 6 — x* () can fail to be differentiable at degenerate points. Nevertheless, uniqueness
is still enough to ensure that the value function F'(6) = min,csg) f(0, ) is differentiable, and when

uniqueness holds in a neighborhood it is in fact C*.
Remark C.2 (A convenient sufficient condition for ' € C}(©)). Assume © is compact and
argminges(g) f(0,) is a singleton for every 0 € ©. If, in addition, the lower-level solution

manifolds are uniformly bounded in the sense that there exists a compact set V C R% with S(6) C V
forall 0 € © (e.g., V = By(0; D) under Assumption , then F is C' on © and (3) holds for all
6 € ©. Indeed, Theorem[3.2]applies at each 6y € O; compactness of © allows us to extract a finite
subcover of the resulting local C* neighborhoods.

Lemma C.3 (A basic envelope/Danskin lemma). Let U C R* be compact and let ¢ : © x U — R
be continuous and C in 0, with V g¢ continuous on a neighborhood of (0o, uo). Define F(0) :=
min, ey ¢(0,u). If arg min,ey ¢(0o, u) = {ug}, then F is differentiable at 0y and

VF(6y) = Vap (o, up).

Proof. We first note that the unique minimizer is continuous at 6y. Let 6,, — 6y and pick any
minimizer u,, € argmin,cy ¢(0,,u). By compactness of U, along a subsequence (not relabeled)
we have u,, — @ € U. For any fixed u € U, optimality of w, gives ¢(0,,un) < ¢(0n,u).
Taking n — oo and using continuity of ¢ yields ¢(6g, %) < ¢(0g,u) for all u € U, so @ €
arg ming, ey ¢(0o, u) = {ug}. Thus every convergent subsequence of w,, converges to ug, hence
Up — UQ.

Now fix any direction d € R™ (where © C R™) and let ¢ | 0. Let u; € arg min,ecy ¢(0g + td, u).
By the first part, uy — ug as ¢ J 0. Using the inequalities

¢(90 + td7 ut) — ¢(90,Ut) < F(eo + td) — F(eo) < ¢(90 + td, U()) — ¢(90,U0),

divide by ¢ and let ¢ | 0. The right-hand side converges to (V¢ (6o, uo), d) by differentiability of ¢
in 6. For the left-hand side, write the difference quotient as the integral of the directional derivative:

qb(@o + td, ut)
t

Define 1(s) := (Vgd(0o + std,u;),d) for s € [0,1]. For each fixed s € [0,1], we have 6y +
std — 6y and uy — ug, hence (fy + std,us) — (0o, up) and, by continuity of Vg, 1:(s) —
(Vog(bo,u0), d).

To justify exchanging the limit and the integral, we bound v); uniformly in s for small ¢. Since V¢
is continuous at (6y, ug), there exists > 0 such that V¢ is bounded on the ball B((6y, ug);r); set

M = sup { [Va0(6,10) 5 (6,1) € B(B0,u0)i 1)} < ox.

Choose t small enough so that ||u; —ug|| < r/2 and t||d|| < r/2. Thenforall s € [0,1], |60+ std—
Ooll < t||d|| < r/2,s0 (Bg + std,us) € B((0g, up); ). Therefore, for all s € [0,1] and small ¢,

[ (5)| < [[Voo (0o + std, uy)]|| ||d|| < M||d]|.

Since the dominating function s — M]||d|| is integrable on [0, 1], the dominated convergence theorem
yields

1
— 000, ur) :/ (Voo (0o + std, uy), d) ds.
0

/Owt(s)ds - /0 (Vod (00, o), d) ds = (Vod(6o, uo), ).

Therefore the directional derivative exists and equals (Vg¢(6o, uo), d) for every d. This map is linear
in d, hence F is differentiable at 6 with gradient V¢ (6, ug). |

Proof of Theorem[3.2] Let z*(0) denote the unique optimistic minimizer for § € U. We prove that F’
is C* locally by (i) building a smooth chart for S(#) near o, (ii) reducing the bilevel problem to a fixed-
domain minimization and applying an envelope/Danskin lemma (which yields both differentiability
and continuity of V F'), and (iii) computing the resulting gradient in the pseudoinverse form.
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Step 1: A 6-dependent chart for S(0) near zo. Let Ty := 7,20 and Ny := N2 and let Pr;, Py
be the corresponding orthogonal projectors. Let k& := dim(7g) and choose orthonormal matrices
Ur, € R¥F and Uy, € R¥(@=F) spanning Ty and Ny. For (u,v) near (0,0), set (u,v) :=
2o + Urgu + Unqv and define

(0, u,v) := U/\Tfovmg(ﬁ,x(u,v)) e Rk,
Then ® is C? and ®(fy,0,0) = 0. Moreover,
Dv(b(o(h 07 O) = UJ—\F/OH(GOa 'TO)UN(y

By Proposition[2.3{ii), H (6o, zo) is positive definite on N, hence D, ®(6o, 0, 0) is invertible. There-
fore the C2 implicit function theorem yields neighborhoods Uy C U of 6y and U,, of 0 and a unique
C? map h : Up x U, — RI=F such that ®(0, u, h(0,u)) = 0. Define the chart

P(0,u) == xo + Urgu + Upn, h(0, u).

As in Step 1 of the proof of Theorem 3.3] shrinking neighborhoods if needed we may assume that
for each 6 € Uy, the map u — (6, u) parametrizes S() on the local branch that stays near zg. In
particular, ¥ (6y,0) = xq.

Step 2: Reduce to a fixed-domain minimization and show ' € C'. Step 1 only gives a C?
chart near z. Since u — (6, u) parametrizes only the part of S(6) near z, we first show that the
minimizer stays in this chart patch for 6 close to 6.

Step 2a: x*(0) stays near xo. Let 0,, — 0y with ,, € Uy and set z,, :== 2*(0,,) € S(0,,) C V. By
compactness of V, along a subsequence (not relabeled) we have z,, — & € V. For any fixed y € R9,
since z,, € argmin, g(0,, z) we have g(0,,, x,,) < g(6n,y). Taking n — oo and using continuity
of g yields g(0o,z) < g(6o,y) for all y, hence = € S(6y).

Moreover, ¥(6,,,0) € S(0,,) is a feasible competitor for the optimistic problem at 6,,, so

Sending n — oo and using continuity of f and v gives f(6g,Z) < f(6p,z0) = F(6y). By
uniqueness of xy € arg minges(s,) f(fo, ) and T € S(fp), we conclude # = zo. Thus every
convergent subsequence of x,, converges to x, hence z,, — xo. After possibly shrinking Uy, we
may assume z*(6) lies in the chart patch for all 6 € Ujy.

Step 2b: fixed-domain reduction. Write z*(0) = (0,u*(0)) for some u*(f) € U,. Define

f(8,u) == £(0,7(6,u)) and choose a compact neighborhood U C U, of 0 such that u*(6) € U for
all @ € Uy. Then, for all 8 € U,,

F(6) = min f(6,2) = mip F(6,u).

Step 2c: differentiability via an envelope lemma. Since f is C Land ¢ is C2, f is continuous and C!

in @ with continuous Vg f. We claim that for every 6 € Uy, the minimizer of u — f (0,u) over U is
unique and equals ©*(#). Indeed, by Step 2b,

F(0) =gggf(9,U), f(0,u™(0)) = £(0,27(0)) = F(0),

so u* () is a minimizer. Conversely, if % € U also minimizes f(6), -), then
f(0,9(0, 7)) = (0, u) = F(6),

so (0,u) € argminges(g) f(0, ). By the uniqueness assumption in Theorem this implies
Y(0,a) = z*(0) = (0,u*(0)). Since u — (6, u) is a chart parametrization on the patch, it is
injective, hence © = u*(6). Applying Lemma|C.3|at each 6 € Up yields that F is differentiable on
Up and ~

VFE(0) =Vof(0,u*(0)) for all @ € Uy. (14)
Importantly, (T4) does not require differentiability of 6 — u*(6).

Step 2d: continuity of VF (hence F € C'). We show that § — u*(6) is continuous on Up.
Fix 8 € Uy and let 6,, — 6 with 6,, € Uy. By compactness of U, along a subsequence (not
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relabeled) we have u*(0,) — u € U. Optimality of u*(6,,) gives (B, u*(6,)) < f(6,,u) for
all u € U. Sending n — oo and using continuity of f yields f(6,@) < f(8,u) forall u € U.
Thus @ € argmmueqf(ﬁ,u) = {u*(0)}, hence @ = u*(f). Therefore u*(6,,) — u*(f), proving

continuity. Since Vy f is continuous, (14)) implies that V F' is continuous on Uy. Setting Uy := Uy,
we conclude that F' is C! on Up.

Step 3: Compute V'(0) and conclude (3). Fix any ¢ € Uy and write u* := u*(¢) and 2* :=
x*(0) = ¥(0,u*) € S(F). By and the chain rule for f(6,u) = f(6,%(0,u)) (with u held
fixed),

* * T *
Since z* minimizes f(6,-) over the manifold S(#) (without boundary), its Riemannian gradient
vanishes, i.e., Pro V. f(0,2*) = 0, hence V. f(0,2*) € NZ..

On the other hand, for all (6,u) € Uy x U, we have ¥(0,u) € S(0), so V,g(8,¢%(0,u)) = 0.
Differentiating this identity with respect to € (with u held fixed) gives

H(6,9(0,u)) Voo (6, u) + Vigg(6,¥(6, u)) = 0.
Evaluating at v = «* and multiplying by H (6, z*)T yields
PN;’* Vo(0,u*) = —H(0,x )TVQQg(H x*),
where we used that H (0, z*) H(0,2*) = Pyso, by Proposition ii). Since V. f(0,2*) € NZ.,
we can insert the projector and obtain
(Vaf(6,2%)  Vou(6,u*) = (Vo f(8.2%)  H(0,2*)V29(6,2%).
Substituting into the expression for VF () and using V2_g := (V2,9) " gives (3). |

C.3 Proof of Theorem

We restate here the local pieces of Proposition [2.3]that are used in the proof. Under Assumption
we may equivalently write

S(0) = arg m%RI(li 9(0,z) ={z: V,g(0,2) = 0}.
HAS

Assumption 5 (Geometry (from Proposition ). For every 0 € O, the set S(0) is a non-empty,
compact, embedded C? submanifold of R® (without boundary). Moreover, there exists an integer k
such that dim(S(0)) = k forall 6 € ©.

Assumption 6 (Normal nondegeneracy (from Proposition|2.3))). For every 8 € © and every x € S(9),
V2,.9(0, ) is positive definite on the normal space NS (0

Lemma C.4. Fix 0 and let M, N C R% be embedded k-dimensional C* submanifolds (without
boundary) andp € M C N. Then there exists a neighborhood V of p in R% such that MNV = NNV.

Proof. Since N is an embedded submanifold, there exist a neighborhood V' of p and a C"* diffeomor-
phism ¢ : V — (V) C R? such that o(N N V) = R¥ x {0} (after identifying R? ~ R* x RI~F),
Then (M N V) is a k-dimensional embedded submanifold of R* x {0} ~ R¥, hence it is an
open subset of R¥. Shrinking V' so that ¢(V) N (R*¥ x {0}) lies inside that open subset yields
O(NNV) C o(MNV), hence NNV C M NV. The reverse inclusion is always true, so
MnNnV=NnNV. ]

Lemma C.5. ker(VZ_g(0,2)) = T.S(0).

Proof. Fix such 6 and © € §(0) near x¢. If v € TS(O), take a curve z(t) C S(6) with £(0) = v;
(@

differentiating V,g(0, 2(t)) = 0 att = 0 gives V2,g(6,x)v = 0, hence 7,S(6) C ker(Vi 9 x)).
Conversely, if v € ker(V2,g(0, x)) and write v = vy + vpr according to R? = T, S(0) & N, S(6),
then

0= (un, V3,9(0,2)v) = (v, Vi,9(0, 2)un),
so Assumption [|forces vy = 0 and v € T, S(6). [ ]
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Setup and goal. Fix (0o, z¢) where 2o € S(0o) is the optimistic minimizer of f (0o, -) over the solution manifold S(6o).
We show the optimistic solution admits a local C'* selection 6 — x*(6) (hence F(8) = f(0,x*(0)) is differentiable).

v

IFT 1: chart S(0) near z( (solve normal equations).

Equation: the normal component of the lower-level stationarity system (in coordinates (u, v) around z).
Why IFT applies: PL° = normal nondegeneracy, so the Jacobian w.r.t. the normal variable is invertible.
Gives: a smooth map v = (6, u) and a local chart ¢)(0, u) € S(6) on the nearby branch.

17

IFT 2: select the optimistic minimizer (optimize on the chart).

Equation: first-order optimality for minimizing u — f (6, u) := f(6,%(6,u)) (intrinsic coordinates).

Why IFT applles Assumpuon 3] gives an isolated, nondegenerate minimizer on S (6o ), so the intrinsic Hessian is invertible.
Gives: a unique local C'' map u* (8) (the selected intrinsic minimizer).

17

Conclusion (local dlfferentlablllty) Compose the two outputs x*(0) := (0, u*(0)). Since ¥ is smooth and u* is C!,
the selection z* is C'* near 0o. Therefore F(6) = f(6,z*(0)) is locally differentiable (and the hyper-gradient follows by
differentiating through x*).

Figure 4: Two implicit-function steps used in the proof of Theorem IFT 1 uses normal
nondegeneracy (from PL°) to build a local chart of the solution manifold S(6) near z¢. IFT 2 uses
local identifiability of the optimistic minimizer on S(6) to obtain a unique C'! intrinsic minimizer
and hence a C'! selection 2*(6).

Proof of Theorem[3.3] Fix 6y and let ¢ := 2*(6y) be the unique minimizer of z — f (6, z) over
S(0o). Let Tg := T2, S(00), No := N, S(6p), and let Pr;, Py, be the orthogonal projectors.

Figure [ provides a roadmap of the two places where we invoke the implicit function theorem and

why each invocation is valid.

Step 1: A 0-dependent local chart for S(0) near z,. Let k := dim(7p) and choose orthonormal
matrices Uz, € R** and Uy, € R¥*(4=%) spanning Ty and Ny. For (u, v) near (0, 0) set z(u, v) :=
2o + Urgu + Unqyv and define

(0, u,v) := U, Vag(0, 2(u,v)) € R,
Since g is C? in (6, z), ® is C? in (0, u,v) and ®(6,, 0,0) = 0 because V. g(fo, x¢) = 0.

Moreover,
D, ®(09,0,0) = Un:, V2,9(00, 20) U, -

By Assumptlon@ V2,.9(00, 1) is positive definite on Ny, hence this matrix is SPD and invertible.
We now apply the C’% implicit function theorem: since ® is C? and D, ® (6, 0, 0) is invertible, the
implicit solution map inherits C? regularity. Therefore, there exist neighborhoods Uy of 6y and U,, of
0, and a unique C2 map h : Uy x U, — R4~ such that ®(0,u, h(0,u)) = 0. Define

P(0,u) :=xg 4+ Urgu + Upn, (0, u).
Then v is C? in (0, u). From the IFT construction above, for each 6 € Uy the set
S(0) == {x: U{,Vag(0,2) = 0}
is an embedded C?2 submanifold of R% of dimension k, and (6, -) parametrizes S(6) near .
Moreover, since S(#) = {z : V,g(6, ) = 0}, we have the inclusion S(6) C S().

By Assumption for all § € Uy the set S(0) is a k-dimensional embedded submanifold. Since S(6)
is also a k-dimensional embedded submanifold and S(6) C S(6), Lemrnaimplies that S(#) and

S (0) coincide locally on this patch. Shrinking I/, and the ambient neighborhood if needed, we may
therefore assume that, for all 6 € Uy, the map u — (6, u) provides a local chart of S(6) (on the
local branch that stays near xg).

S~tep 2: Reduce to an unconstrained problem and ~select 2*(0). Define the r~educed objective
f(0,u) == £(0,%(0,u)). Since fis C% and ¢ is C?, f is C? in (6, u), hence V,, f is C* in (0, u).

Because 2o minimizes f (6o, -) over S(6o) and ¢ (6o, -) parametrizes S(fo) near xo, ug := 0 is a
minimizer of u — f (6, u), hence V,, f(6p,0) = 0.
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We now show D, (V,f)(6,0) = V2, f(6o,0) is invertible. Let A := D,1)(6,0) : R¥ — R%.
Since ¥(6p, -) is a chart of the k-dim manifold S(6y), A has full column rank and range(A) = To.
For any w € R, set v := Aw € Ty. The second variation of the pullback along w coincides with the
Riemannian Hessian quadratic form along v (standard chart calculus on manifolds), so Assumption

implies (w, V2., f (8o, 0)w) > 0 for all w # 0. Hence V2, f (6o, 0) is positive definite and invertible.

uu

We now apply the C L implicit function theorem to the k equations V., f(6,u) = 0 at (6y,0) (note
V. f is C! and its Jacobian in u is~ invertible at (6, 0)) to obtain a neighborhood Uy and a unique C'*
map u* : Uy — U, such that V,, f(0,u*(0)) = 0. Define

z7(0) := (0, u™(0)).

Then z*(#) € S(#) and, by positive definiteness of V2,, f and continuity, z*(6) is the unique local
minimizer of f(6,-) over §(0) near x. In particular, locally

F(0) = xrerg?e) f(0,z) = f(0,27(0)).

Step 3: Chain rule and normal-only dependence. Since z* is C' and f is C?, F is differentiable
at 0y and
VoF(00) = Vo f(00,20) + (Vaf (00, 20)) " Vo™ (00).

Because xp is a constrained minimizer on S(fp), the Riemannian gradient vanishes, i.e.
PV, f(6o,x0) = 0, hence V. f (8o, x0) € Np. Therefore only the normal component of Vyz*(6y)
contributes.

Step 4: Compute the normal component from V,g(0, z*(6)) = 0. Since z*(0) € S(0), we have
V.9(0,2*(6)) = 0 for all § near 6. Differentiating at 6, gives
V209(00, 70) + V3,9(00, 70) Vo™ () = 0. *)

By Lemma [C.5| ker(VZ,g(0y,70)) = To. Since V2, g(0p,z0) is symmetric,
range(V2,g(0o,0)) = Tg- = Np. Thus the Moore-Penrose pseudoinverse satisfies

(V229(00,20))T V3,9(60, 20) = Py
Apply (V3,9(00,20))T to ():
Pry Vo™ (o) = —(V3,9(00, 0))" V3e9(o, z0).
Since V. f (6o, o) € No, inserting Py, into the chain rule yields

(Vaf(00,70)) " Voa*(0o) = —(Vauf (0o, 20)) " (VZ,9(00,20))" V29(00, o).

Therefore
VoF (00) = Vo f(00,20) — (Vaf(0o,20)) " (V2,9(00,70))" VZ49(80, T0).
Equivalently, with V% g := (V2,9) ",
VF(OO) = Vf)f(eo,m()) - Vgﬁg(oova) (Vizg(oo,l‘o))f vxf(e()a '770)3

which is the claimed formula. ]

D Proofs for Section

This appendix proves Proposition [5.1]and Proposition[5.2] and records additional parameter-tuning
details deferred from Section

Proof of Proposition For each 6, € ©, Assumption[3]and Theorem 3.5]yield an open neighbor-
hood Uy, € © and a C' map z, : Uy, — R such that 2 (0) € S(0) and F(0) = (0,2} (0))
on Uy, . Because the optimistic minimizer is unique for every § € O, these local branches agree on
overlaps and therefore patch together into a global C* selection z* : © — R?. Since © is compact,
a* is Lipschitz on ©.
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Let T := {(0,2*(0)) : 6 € ©}. The graph I is compact. Since f is C? and g is C3, the maps
(0,2) — Vof(0,2), (0,x) — V,f(0,2), (0,x) — Vi, g(0,z), and (,z) — V2 _g(0,z) are
locally Lipschitz on a neighborhood of I, hence Lipschitz on I' after enlarging the constants if
needed. Moreover, Pr0p0s1t10n@] gives a uniform normal spectral gap on I, so the pseudoinverse
map (0, ) — [V2,9(0,2)]" is locally Lipschitz near I' (constant-rank perturbation of symmetric
matrices), and by compactness of I it is Lipschitz on I".

Applying the hyper-gradient formula from Theorem [3.5{on each neighborhood Uy, and using unique-
ness to identify the same global branch, we obtain for every 6 € ©,

VE(0) = Vof(0,2*(0)) — V3,9(0,2*(0))[V2,9(0,2*(0))] 'V f (82" (9)).

Combining the Lipschitz bounds in this formula with the Lipschitz continuity of z* on © yields the
claim. ]

Proof of Proposition[5.2] Fix T > 1 and write g; := hy = VF(6;) + e;. Define the (used) gradient
mapping B
Gi = a ' (0; — Proje (0: — ag)) = a ' (0 — Op41).

Step 1: a descent inequality in terms of gt. Let Ay : =041 — 0, = —« _C’jt. By L p-smoothness
of F' on O and convexity of ©, we have

L
F(Br1) < F(0) + (VF(0:), Ar) + [ Al
Since 6,11 = Projg(6; — agy) and 0; € ©, the projection optimality condition yields
1

(g8 <~ A%

Using VF(6;) = g, — e; and the inequality ab < a® + b* gives
F(Oi11) < F(01) + (ge, Ar) — (e, Ae) + *HA &
1
F(0:) — aHAtHQ + llecl 1Al + 7||At||2

1 1 Lp
P(0) ~ TIAD + I8P + e + 22 a2

3
=ﬂ@—@5——MMw+mmw
Using e < 1/Lp gives ;- — L—F > 4o hence

a ~
F(0111) < F(0;) — @HAtHQ +aled? = F(6;) — Z”gt”2 + aleq|.

Summing over ¢t = 0,...,T — 1 and using F(6r) > F, yields
}]WW L)~ 1) +4me2 (s

Step 2: relate G, to the true gradient mapping. By nonexpansiveness of projection,
5 1 . .
1Ge (0, VE(6:); o) — G| = EHPTOJ@(@ — agi) — Proje (8 — aVF(6,))[| < e

Therefore ||Go (6;, VF(6;); )||2 < 2|G¢||% + 2|l |2, and combining with (T3) gives

T-1

3 (9o (6 VF(@);a))? < SO =) +10§2nqw

t=0
Dividing by T and taking expectations yields (7). |
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D.1 Parameter choices and oracle complexity

This appendix records a convenient way to pick algorithmic parameters so that the hyper-gradient
error satisfies sup, E| e;||> = O(¢?), and hence Proposition 5.2|yields an e-stationarity guarantee.

Proof of Corollary[5.3] By the Poincaré assumption and (38), each candidate law satisfies
Wa (145, 1, ) < 201/2 (e R 1)1/2-
Combining (8) with @) and the bound E[||Z, — z*(6;)[|*1¢,] < E||&, — 2*(6,)||?, we obtain

uniformly over ¢

Elles|? <3C2(1+2 + 2Chube2 /% log(1 + M)

v(c+7)>

1 4D? C
+ 2<C A, ><2Lflotube\/m + O MR 4 4Lf71M(esR - 1)1/2)]

hg
+ 202 4 302, 9% + B2P(ES).
(16)

To control the off-tube probability, the tube tail from Appendix [F] (Lemma[F3)) together with the
Rényi-2 tail transfer (see the proof of Lemmal[F3) yields

P& < M eR/2 \/mexp( — Cugbe —T(X)Q).

Since all remaining quantities in (I6) are global problem-data constants independent of
M, X\, er, ", n, and ¢, absorbing them into big-O notation gives

62 — 62 1/2
Elle,|)? = O((l +1q 7(m)) [e ®/2)\log(1 + M) + v/Mog(1+ M) + M~/* 4 \/M Cpy (5% — 1)/ }

2
U
2t

+ 2

+ ]\46521%/2 exp( _ Ctlébe T(’/{)z )) .

Moreover, since ¢ > 0 is fixed and v € (0, 1],

(1+ + (m)) :O(W%).

Substituting this simplification into the previous display yields the claimed bound. |

Choosing parameters to achieve E|je;||? = O(e?). Fix a target ¢ € (0,1). To ensure
sup, E|le;[|> = O(g?) it suffices to make each term on the right-hand side of (I6) of order 2.
One convenient choice is: (i) set v = ¢ so that C,egy = O(€), (ii) solve the ridge system to residual
Ny = ve = €2 so that (Cyin /v)n: = O(e), and (iii) choose the sampling/selection parameters so that

eR/2\log(1+ M) + /Aog(1+ M) + M™% 4+ /M Cpr (e — 1) = O(e%).

A sufficient scaling for (iii) is to take

8
M = [¢—4k \ = € — A2k
[T, log(1+ M)’ RTE

Then Alog(1 4+ M) = €8, \/Alog(1 + M) = &%, and M~'/¥ = O(¢*). Moreover, for fixed Cpr,

/M Cpr (esZR _ 1)1/2 _ O(E—2k . €4+2k) = 0(e%),

since e* — 1 = O(u) as u | 0. Thus the displayed sampling/selection term is O(c*), and the
corresponding contribution to El|[e;||? is O(e?) after multiplication by the prefactor O(1/7?) =
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O(1/2?%). Moreover, under this scaling the off-tube probability above is exponentially small in
r(7)?/ A
Substituting this control into Proposition (with stepsize 1/ L) yields an e-stationary guarantee
after
L (F(6y) — Fy
- O( r (F() ))
€
outer iterations.

Total oracle complexity (informal). Per outer iteration, HG-MS uses (a) M K evaluations of Vg
for the sampler (Algorithm , (b) M evaluations of f(6;,X,,) for hard selection, and (c) #HVP
Hessian—vector products for CG to reach residual tolerance 7. Thus the total first-order oracle cost is

O(T(MK + M + #HVP)).
If the LMC/ULA sampler is run for K steps so that the order-2 Rényi sampling error satisfies
er = e*t%, then Propositiongives K = O(d C2; \%e52). Under the above scaling of (M, \)
this gives K = O(d C3; log?(1 + M) £~2*~%%) and hence
TMK = O(dC3% Mlog?(1+ M) e 2074 = O(d C3; £ ~2075K),
which dominates the additional T'M selection-evaluation term and the CG term 7' #HVP.

E Derivation of the hyper-gradient stability bound

We prove a general deterministic stability bound for the error incurred when replacing the pseudoin-
verse action in Theorem [3.5]by a ridge-regularized, inexact linear solve. The main-text bound in
Lemma follows by applying the lemma below on the tube event £ and invoking Lemma
to control the inverse norm by 2/+. The argument is standard and relies on basic residual-to-error
relations for linear systems together with a spectral comparison between the normal-space inverse
and its ridge regularization; see, e.g., Golub and Van Loan|[2013} Ch. 5] or|Ben-Israel and Greville
(2003, Ch. 4].

Lemma E.1 (Tube radius ensuring ridge invertibility). For any fixed v > 0, there exists r(y) > 0
such that for all § € © and all x € R? satisfying dist(z, S(0)) < r(v), we have

V2.90.2)+~1 = 31, and hence ||(Viwg(0,x)+’y[)_lu < %

Proof. Let K := {(6,2) : € ©, z € S(6)}. By Assumption ff} S(6) C By(0; D) for all 6,
hence K is compact. Since (6,x) — V2_g(¢, ) is continuous (Assumption [, it is uniformly
continuous on a neighborhood of K. Therefore, for any fixed v > 0 there exists () > 0 such that
Amin(V2,9(0,7)) > —v/2 whenever § € © and dist(x, S(0)) < (7). This implies V2_g(6, z) +
~I = (v/2)I, hence invertibility and the inverse-norm bound. |

Lemma E.2 (General stability bound (technical)). Let Assumptions [I| B]and{] hold, and let x* :
© — R? denote the global C* selection obtained by patching the local branches from Theorem
under Assumption Let V C R? be a compact set containing {x*(0) : 0 € ©}. Define

A(b,) = Vi,g(0,2),  H(0,2) = V2,9(0,2),  b(0,2) = V. f(0,2),
and the exact and ridge-regularized implicit maps
h(6,z) :== Vof(0,z) — A6, z) H(0,z)'b(0, x),
hy(8,2) := Vo f(0,2) — A6, 2) (H(8,z) +~I) " b0, z).
Fix an iteration t with 0, € © and a point Ty € V. Let Uy satisfy the residual bound
| (H (6, 2¢) + )T — b(0y, 30)|| < e
Define the estimator ﬁt := Vo f(0:, %) — A(0y, T¢)0; and the error ey := ﬁt — VF(0;). Then

K ~ *
||€tH S C$ (1 +K/’Y + ﬁ) ||xt - (et)H + Olin C Ry Tt + Creg )
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where

-1
ky = sup |[(H(0,2)+~I) |
(0,2)€OXV
and one may take
Cin = sup [|A(6,2)]],
(0,2)EOXY

Cyr=Lopz+LasBy+BaLlyy+ BaLp, By,
A, z* ()] [[b(6, z*(0))l

Clreg 1= sup 5

96@ c

where ¢ > 0 is the normal spectral gap constant from Proposition|2.3)

Bs:= sup |A(6,2)], By:= sup ||b(8, )],
(0,2)EOXV (0,2)€OXV

and Log 3, LAz, Lyo, Li,, < 00 are uniform Lipschitz constants on 'V (uniform over 0 € ©) for
x = Vof(0,2), z— A0, z), . — b(0,x), and x — H(0,x), respectively. Such constants exist
and are finite because these maps are continuously differentiable and © x 'V is compact. We implicitly
assume k., < 0o, i.e., H(0,x) + ~I is invertible for all (0,x) € © x V. If additionally H(6,x) > 0
on © x V, then k-, < 1/7.

Lemmal E.3|follows by taking V = By(0; D + (7)), restricting to the tube event dist(Z, S(6;)) <
r(7), and applying Lemmato bound k., < 2/7.

Proof of Lemma[E2] Write z; := x*(6;). By the global consequence of Theorem under
Assumption 3| VF(0;) = h(0y,27). Let vy = (H(0, %) + 'yI)_lb(Qt,&':t) and note that
h (Ht, l‘t) ng(@t, Z’t) (Gt, ]Jt)”Ut ~- Add and subtract h (0,5, Jit) and h (Qt, th)

€t = (/ﬁt et’xt ) ( et’xt) "/(etvx:)) + (h7<'9t7m:) - h(9t,$?)) .

(I) (11 (ITT)

For term (II), expand
h’y(etai't) - hv(ataxt*) = (VQf(etw%t) - v@f(etax:))
— (A0, 5 M (00, 7) 7 b(6,, )
— O 77)M (80, 77) " 001, 07) ),
where M (0, x) := H(0, x) + vI. The first difference is bounded by Ly ,||Z; — x}||. For the second,
add and subtract A(0y, x}) M (0, 7)) ~1b(0s, T¢) to get
||A(0t7 it)M(Ht, i"t)flb(ﬁt, .i?f) — A(Gt, x?)M(@t, I:)ilb(gt, CC:) ||
< ([ AOr, B¢) — A, )| I|M (O, &) | 1D(Or, T2 |
+ 1A, 1) || M (0, 2¢) M [6(0¢, T¢) — b(0, 1)
+ HA(Gt,xt || H (9,5,.13,5) T M(Qt,xf)_l)b(et,@)H

The first two terms are bounded by L 4 , ki~ By, ||Z — x7|| and B4 k- Ly, |2, — x7 ||, respectively.
For the last term, use the resolvent identity M (6, ;) ' — M (6, z7) ™' = M (0;, )~ (H (6;, x7) —
H(0y,&;)) M (0, z7) " to obtain

H( (0¢,24)~ —M(Ht,xg)_l)b(@,x:)“ < Ky ||H (O, Z¢) — H (0, )| HM(Ht,a:;)_lb(Ht,m;)H.
Since z7 € S(0:) and b(0:,z}) € ./\/ftf, Proposition implies || M (0, 7)1 0(0;, 27)|| <

160z, )|/ (c+7y) < By/(c+7). Moreover, ||H (04, &) —H (0, 27 )|| < L »||Z:—xF||. Therefore,
the last term is bounded by B4 &~ Ly 5 By ||Z: — 27|/ (¢ + ). Combining these bounds yields

K.
I7 <C’x<1+/f +—”) 7 — 2.
(LD < tRlrr |2 — 27|
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For term (I), define the residual ry := (H (0y, &) +~I) 0 — b(6y, &1). Then 0y — vy y = (H (0, &) +
7[) 711",5, hence

~ ~ ~ ~ -1
IO = 1[AGe, 20) (B = ve )| < NAGe )| (H (0, 70) +5T) [ Irell < Chin iy e

For term (III), note that =} is a minimizer of f(6;,-) over the manifold S(6;), so the first-order
condition implies b(6;, z7) € N, ftf By Proposition the restriction of H (6;,z}) to thf has
eigenvalues in [c,00). Let {u;}", be an orthonormal eigenbasis of /\/’fti with H (0, z})u; =
Xiu; and \; > c. Since b(6;,x7) € J\/:g%, we can write b(6;,27) = Y., Biu;. On fo, the

pseudoinverse coincides with the inverse, hence H (0;, 27)Tb(0;, 27) = S_iv,(Bi/Ni) i, while
(H (0, 27) + 7])716(0,5, zy) =" (Bi/(Ai +7)) wi. Therefore

_ - 1 1
[(H (60, 27) +71) 060, 27) — H (01, 7) (s, 7) || = Hzﬂi(m - I)“i
i=1 v ‘

1 1
Aty A
Using {ﬁ'y -3 = m and \; > c gives

< _:I{Iaxm‘ 16(8, 7). (17)

-1 * * v v *

61,7 +91) 00 ) = H ) o61,0) | < 2 (00Ol < b0l
Multiplying by || A(6:, x})|| and taking the supremum over 6 € © yields ||(II])|| < Cregy. Combin-
]

ing the three bounds gives the claim.

Lemma E.3 (Stability of the inexact implicit term on the tube). Assume the setting of Lemmal|E.2]
and fix v > 0 with tube radius r(v) from Lemma[E.1} Let V = By(0; D + r(v)). Fix an iteration t
with 0, € © and dist(Z4, S(0:)) < (), so that x; € V. Assume clipping is inactive, i.e., vy = Uy.
Then the hyper-gradient error e, = hy — VF(6}) obeys

leell < Ay 3¢ — 2" (@) + St + Creg 7,

where Chin, Creg are as in Lemma @ and
- 2 2
Ay =Co (1 Ty v(c+7))’
with ¢ > 0 the normal spectral gap constant from Proposition[2.3|and C, as in Lemmal|E.2]

Proof. Apply Lemmawith VY = B4(0; D+7r(7)). On the tube event, Lemma gives k-, < 2/,
and the claimed bound follows by substitution. |

Lemma E.4 (Probability of leaving the tube). Let X, 1,..., Xy ar be the candidates at iteration t
and let &, be any measurable selection of one of them (in particular, hard selection). Then for any
r >0,

E[dist (i, S(6;))] . PR ) Eldist(Xe,i, S(01)]

P(dist(Z:, S(6;)) > r) < . ,

Proof. The first inequality is Markov’s inequality. For the second, use dist(Z, S(6:)) <
Zij\il dist(X¢,;, S(6¢)) and linearity of expectation. [ |
Lemma E.5 (Bounding the off-tube term under clipping). Assume Algorithm[Ijuses the safeguard
vy = Projgg. g, (0;). Let V C R be a compact set containing the candidates { X ;};2, (and hence
T¢) almost surely. Define

Bgf = sup HVGf(97 :I:)H’
(0.0)€0xV

By:= sup [Vg,9(6,7),
(0.2)€0xV

Bb = sup Hvzf(e’x)H?
(0,2)€OxV

Br == sup [[VF(0)]|.
e
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Then |le;|| < Be := Boy + BaR, + B for all t, and consequently
E[lle)*1e:] < BZP(EF).
Moreover, on & Lemma implies ||0;]] < (2/7)(Bb + ), so choosing Ry, > (2/v)(By + nt)

ensures the safeguard is mactzve on & (ie., vy = Uy).

Proof. Since ||v;]| < R, by construction and the derivative maps are continuous on the compact set
O x V, the suprema are finite and

el < Ve f (B, @)l + IV 3,9(8e, &)l |[ve]] < Bay + BaR..

Since F is smooth on the compact set ©, Br < 0o, hence Het|| < Hht|| + ||VF(9t)H B,. The final
claim follows from Lemmaﬁl and the residual relation (V2_g(0s, ;) + 1)t = Vi f (04, T¢) + 74
with ||’I“t|| < Nt |

E.1 Proof of Theorem 5.3

Proof. Fix an iteration ¢. Split
Elle® =E[lle:l*1e,] + Efflecl*Leg]-

On the tube. On &, our choice of clipping radius ensures v; = 7; (Lemma [E5). Therefore
Lemma[E3] gives

ledl < Ay @ —2* (0] + 2200 + Creg 7.
Using (a + b+ ¢)? < 3(a® + b* + ¢?) and that 1¢, < 1 yields

]E[||€t||2].gt} < 3A2IE[||5ct —x*(@t)||215t] + 1201,,, n + 3Creg'y
Recalling A, = C,(1 +z 2 + ) from Lemma gives the ﬁrst three terms in (8).

v(e +7)

Off the tube. LemmalE.5|yields ||e;|| < B, for all ¢, and thus
E[llecl*1e;] < BZP(EY).

Combining the two bounds gives (8). ]

F Quality of the selected lower-level point

This appendix provides the main technical details behind the selection bound in Theorem [5.4]and the
related discussion in Section[§} Fix 6 € © and recall

S(0) = 0 F(0) = 0
(6) = arg min ¢(9, ), (0) = féféfb)f( ).

Throughout, assume that the constrained problem admits a unique optimistic minimizer
z*(0) € arg min f(0,x
(0) € arg min f(0,2),

as in Assumption Given candidates X1,..., X € R, our hard selection rule is

1
T € arg n[}m £(6,X;), 5::M.
i€

Since Z need not lie on S(6), we also define its projection

Z € arg min |z — Z||, so that |z — z|| = dist(z, S(9)).
z€S(0)

Empirical and Gibbs measures. Define the empirical measure of the candidates,

1M
i=1
and recall the Gibbs measure used to sample near S(6),
1) (d) o exp{—g(6,)/A} da.
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Lower-tail superquantile (best-6 CVaR). We use the lower-tail superquantile functional SQ%OW.

Definition F.1 (Lower §-superquantile). Let Z be a real-valued random variable with (lower) quantile
function q,(Z) == inf{t e R: P(Z <t) > u} foru € (0,1). Define

1 1)
Q% (2) = g/ w(Z)du, 5 (0,1).
0
IfX ~vand Z = f(0,X), we also write SQ};OW(f(G,X); X ~ ).

F.1 From hard selection to a value gap on S(6)

Step 1: tail-min is controlled by an empirical lower superquantile. Hard selection is a deter-
ministic lower-tail operation, and its output is always below the corresponding (lower) superquantile
under the empirical law.

Lemma F.2 (Tail-selection = superquantile control). Fix 0, candidates X, ..., Xy, and § € (0, 1).
Let & € argmin;e(i.pp) f(6, X;). Then

F0,%) < SQP™((6,X); X ~ ).

Step 2: lifting Z back to S(¢) via Lipschitzness. We will compare 2*(0) to z € S(0) (the
projection of Z) and separate (i) an off-manifold error ||Z — Z|| from (ii) an on-manifold suboptimality
gap at x.

Lemma F.3 (Suboptimality gap on S(6)). Fix 6 and let x*(0) be the unique minimizer of f(0,-)
over S§(0). Assume x — f(0,x) is Ly 1-Lipschitz (as in Assumptiond). Let T be the output of hard
selection and let T be its projection onto S(0). Then

0 < f(60,7)— f(0,2*(8)) < Ly dist(z,S())
+ [SQE (£6,X); X ~ o) = 0,2%0))]. (8)

Moreover, for any reference measure v on R?,
Ly

SQ5™ (£(60,X); X ~ ar) = SQ5™ (F(0, X); X ~v) < =

Wi (U, v), (19)

and consequently, choosing v = ug)\ yields

f(0,2) — £(6,27(0)) < Lyadist(z,5(0))

L
LW (Par, ) + [SQE™ (£(6,X0: X ~ ) = (6,27 (6)].
(20)

A hard-min bound under Gibbs sampling. Assume additionally that X1, ..., X i py and that
Z € argmin; f(0, X;). Then there exists a constant Cy > 0 (depending only on the on-manifold
geometry near x*(0)) such that

E[f(0,2) — F(0)] < 2L;1 Crupe VA log(1+ M) + Cy M~¥, 30
where Ciybe is the tube constant from LemmalF.3] More generally, if the candidates are independent
with marginal laws v; satisfying Wo(v;, jip) < oo for all i € [1 : M), then 1) holds with an

additional additive term
M 1/2
2L, (Zm@,mz) .

i=1

Proof. The deterministic bound is valid for any ¢, but when 6 = 1/M it yields the loose factor
d~! = M multiplying the empirical discrepancy term. We therefore analyze the hard-min selection
directly. Write & € arg min; f(0, X;). By Lipschitzness and the definition of Z,

f(0,z) < f(6,%)+ Ly dist(z,5(9)).
Taking expectations gives

E[f(0,%) — F(6)] < Ly, E[dist(z,S(0))] + E [ min f(6. Xi)] —F). ()
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Hard-min bound under Gibbs sampling. Assume first that X;,..., X r~a ug‘. For each i,

let TI(X;) € argmin,cgs(g) ||z — X;|| be a Euclidean projection onto S(¢) (choose any measurable
selection). By Lipschitzness,

f(0,X:) < f(0,I(X;)) + Ly dist(X;, S(6)).
Taking the minimum over ¢ and using min;(a; + b;) < min; a; + max; b; gives

(in f(6,X:) < min f(0,1(X:) + Ly max dist(X;, 5(0)

Plugging this into (22) and using dist(Z, S(6)) < max; dist(X;, S(0)) yields

E[f(0,7)-F(0)] < 2Lf,1E{lg%dist(xi,sw))}+ (E[lgig%f(a,n(&))]—F(a)). (23)

The first term is controlled by the subgaussian tube concentration in Lemma [F5] giving the
VAlog(1 + M) scaling.

For the on-manifold term, note that the projected points II(X;) lie on S(#) and, under our standing
regularity assumptions, the induced law on S(#) admits a continuous density bounded away from 0
in a neighborhood of z*(6) (since y; concentrates in a tube and its pushforward converges to u); see
[Masiha et al.| [2025} Prop. 3.7]). Combined with geodesic volume scaling on S(6) [Masiha et al.,
2025, Lem. 4.1], this yields a small-ball mass bound of the form P(ds gy (II(X1),2*(6)) < r) > cor*
for all sufficiently small » > 0. The nearest-neighbor argument (using this small-ball bound) then
gives E[min; f(0,T1(X;))] — F(0) < C; M ~/% for a constant C; depending only on (co,k, D, Ly ).
Substituting these two bounds into (23) yields Z1).

Adding an LMC sampling tolerance. If instead X3,..., X are independent with marginal
laws v; satisfying Wa (v;, py) < oo for all i € [1 : M], then for each i we may couple X; with an
independent X' ~ ) so that E[| X; — XM||2 < Wa (v, uy )?. Using

dist(z,S(0)) < max dist(X;,S(A)) < max dist(X}),S(0)) + max || X; — X7
1<i<M 1<i<M 1<i<M
and
. N < . )\ L )\
1§}§I}\4f(6’X’) < lglg%f(f),Xz )+ L  max 1X: — X7,

the exact-Gibbs argument above yields an additional term

2Lf,1E[ max ||Xi—X;\||]
1<i<M

Finally, max; a; < (3, a?)'/? gives

1<i<M

M 12 M 1/2
B[ max (1% - XM < (D EIX - X)) < (Zvvg(uz»,ué)2> :
=1 =1

which proves the claimed additive term. ]

F.2 Controlling the off-manifold term dist(z, S(0))

Step 3: a max-distance reduction. Because T is one of the candidates, it satisfies the deterministic
inequality
L < . 4 _
dist(z,8(0)) < ax dist(X;, S(0)) 24)

We now show that, under our standing assumptions, Gibbs samples concentrate around S(6) with a
subgaussian tail in the normal distance R := dist(X, S(6)), which yields the sharper moment bound

E[max; R;] < v/Alog M.
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Step 4: a uniform quadratic growth bound for g(6,-). Recall from Assumption [ that g(6,-)
satisfies a quadratic growth bound outside a compact ball. The next lemma shows that, under local
PL° and normal nondegeneracy on the minimizer manifold, this can be upgraded to a global quadratic
growth inequality in terms of the distance to S(#), uniformly over 6 € ©.

Lemma F.4 (Uniform quadratic growth of g(6, -) over ©). Let Assumptionsand hold. Then there
exists a constant uqg > 0 such that for all § € © and all x € RY,

. HQG ;. .2
0,2) — 0,z) > K gist 0)). 2
9(0,2) — min g(6,2) > == dist(x, S(9)) (25)

Proof. Let D be the compactness radius from Assumption ] so that S(6) C B4(0; D) forall § € ©.
Write g, (6) := min, g(6, z).

Step 1: local quadratic growth in a uniform tube. Let ¢ > 0 be the normal spectral gap from
Proposition ie., (v,V2,9(0,y)v) > cl[v]|* forall & € ©, y € S(0), and v € N. Since

(0,2) — V2,9(6, ) is continuous (Assumption[4) and the set K := {(0,y) : 0 € ©, y € S(0)} is
compact, there exists r1,. > 0 such that for all § € O, all y € S(6), and all = with ||z — y|| < 71ec,

(v, V2,9(0,)0) > £|v|]>  VoeN. (26)

Now fix any § € © and z € R? with R := dist(z,S(0)) < 7i0c. Let y € S(6) be a Euclidean
projection of = onto S(#), so that ||z — y|| = R. By first-order optimality of the projection problem
on the manifold, v := 2 — y lies in the normal space N,/. Using V,g(6,y) = 0 (since y € S(0))
and the integral form of Taylor’s theorem,

1
9(0,2) — g(0,y) = / (1= ) uTV2,9(6,y + tu) udt.
0

Because ||tu| < R < 7ioc, ([26) applies along the segment y + tu, giving u ' V2, g(0,y + tu)u >
(¢/2)||ul|* for all ¢ € [0, 1]. Therefore,

9(0,2) — g.(0) > g(0,2) — g(0,y) > £ ||lu]|* = £ R (27)

Step 2: quadratic growth outside the compact ball. By Assumption[zi_f], there exist constants fiqg > 0
and D > 0 such that for all ||z|| > D,

9(0,%) — g.(0) > L dist*(z, S(0)), Vo € O©. (28)
Step 3: the middle region by compactness. Consider the set
A= {(9,33) 10 €0, ||z <D, dist(z,S0)) > rloc}.

Since © x B4(0; D) is compact and (6, 2:) — dist(z, S()) is lower semicontinuous (by compactness
of K and existence of Euclidean projections), A is closed and hence compact. The map (6, x) —
g(0, ) — g,(0) is continuous on © x B;(0; D), and is strictly positive on A (since dist(z, S(0)) > 0
implies z ¢ S(0)). Therefore, Muin := ming z)ea (9(6, ) — g.(6)) > 0. Moreover, if ||z|| < D
then dist(z, S(0)) < 2D, so on A we have

Mmin

o>
mmm jiy (2D)2

g(0,x) — g.(0) > dist?(x, S(6)).

Step 4: combine the three regions. Let

i ] 2muyin
HQG = mln{%, Haqg (ng)z }

Then 7)), (28)), and the middle-region bound above imply forallz € R?andalld c ©. N

38



Step 5: subgaussian tube concentration for Gibbs samples. The uniform quadratic growth bound
from Lemma[F4]implies that Gibbs samples have Gaussian-like concentration in the normal distance
to S(6).

Lemma F.5 (Tube concentration for Gibbs samples). Assume the setting of LemmalF4|and fix any 0 €
O. Let X ~ ué\ and define R := dist(X, S(0)). Then there exist constants ciube, Ctube, Ctube,2 > 0
(independent of 0 and \) such that

P(R>1) < Cuveexp( —cume’y ), W20, (29)
Consequently,
E[R] S Ctube\/Xa ]E[Rz] S Ctube,2>\~
Moreover, if X1,...,Xn i pg‘ and T is any measurable selection of one of the candidates, then
E[dist(#, S(6))] < E [ max dist(X;, 5(9))] < Crabe v/ log(1 + M). (30)
. ~ 2 . . 2
E[dist(z,5(0))*] < E[lg?x[ dist(X;, S(0)) } < Clube,2 A log(1 + M). (31)
Approximate candidates (Rényi control). If instead X1, . .., Xy are candidates whose (not necessar-

ily identical) marginal laws v; satisfy Ra(vi||up) < %, then the same argument gives a subgaussian
tail (with adjusted constants) and hence

E[dist(7, S(6))] < E[lg% dist(xi,sw))] < Ol o /X log(1+ M), (32)

and
E[dist(#, S(0))2] < E[&n% dist(xi,S(a)f] < ClienMog(1+ M), (33)

where one may take CY ;.. := Ciune exp(ef /2) and Cf, ., 5 := Chune 2 €xp(eg /2) (up to universal
numerical factors).

Proof. Fix 6 and abbreviate S := S(0) and g, := min, g(0,z). By Lemma[F4] g(0,2) > g. +
”%distz(x, S). Therefore, for any ¢ > 0,
—g(8,)/A _ HQg Jigt?
fdist(%s)zt e 90D dg fdist(x,S)zt exp( MQQ)\G dist™(, S)) dz
fRd 679(9,1)/)\ dx - fRd ef(g(e,x)fg*)/)\ dx

To lower bound the denominator, fix any y € S and use smoothness of g on the ball B;(0; D + 1)

(Assumption to obtain a constant Ly, < oo such that g(6,y + u) — g, < Zmax||ul? for all
lu]] < 1. Thus,

/ e~ 002)=9)/A 40 > / exp(— —L2§"||u||2) du > co A2
Rd lull <1

for a numerical constant ¢y > 0 depending only on (d, L.y ). For the numerator, we use a crude
volume bound for distance shells around S. Since S C B4(0; D), its r-neighborhood satisfies
{z : dist(z, S) <r} CBy(0;D + r) for all » > 0. Consequently, for any Ar > 0,

Vol({x : dist(z, §) € [r,r + Ar]}) < Vol(By(0; D + 1 + Ar)) — Vol (Ba(0; D + 1))

< Cq(D+7)4 L Ar,
where Cy > 0 depends only on d. Using a layer-cake/coarea bound with a := pqa/(2X),

oo

/ e—adist?(@5) g < Cd/ (D + r)d*:le*‘"2 dr < Cy\¥? exp( — *%\G t2),
dist(z,S)>t r=t

P(R>t) =

where the last inequality is a standard Gaussian tail estimate (the polynomial prefactor is absorbed into
the exponential). Combining the numerator/denominator bounds yields (29) with constants depending
only on (d, D, 1qG, Lmax)- Integrating 29) over t > 0 yields E[R] < Ciybe V. Similarly,

E[R?] = 2/ tP(R > t)dt < QC’mbe/ t exp( — Coube %) dt < Crube2)
0 0
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after increasing the constant if needed.
Finally, for (30), use (24) and write

M
>t) < > 1) < - ﬁ).
IP’( 1I§r¥%}]<w R; > t) < Z:IP’(RZ >t) < M Ciupe exp( Coube

To bound the expectation, use the tail integral representation

E{ max RZ} :/ IP’( max R; >t)dt.
1<i<M o 1<i<M

Let ty := log(1 + M). Splitting the integral and using the bound above yields

Ct 1be

1<i<M

E[ max RZ} <tog+ / M Ciupe eXp( — Ctube %) dt.
to

Using fto et dt < e~ fora > 0 (with a = cyupe/ ) gives

— 2a1‘

> 2 A t2
/ M Ciupe eXp( — Ctube tj) dt < M Ctupe - %t eXp( — Ctube X())
to Ctube tO

. M CVtube A
14+ M 2cupe to
Ctube \/X

= 2¢tube (/log(1+ M)

Since log(1 4+ M) > 1, we conclude that E[max; R;] < Ciupey/ A log(1l + M) after adjusting Cype.
Similarly,

E[ max RQ} —Q/OOOHP’( max R; >t> dt.

1<i<M 1<i<M
Splitting at the same ¢y and using fto e~ dt = L e with a = cyupe /A, We get
MCtube)\

E[ max R} <t +

1SS0 eXP( — Ctube )\) < Chube, 2Alog(1 + M),

Ctube
which yields (3T) after increasing Ciype,2-

For (32),, fix any candidate index i and let A; := {R > t}. Under Ro(v; 1)) < €%, Cauchy-Schwarz
yields

dy; R
Vi(At):/lAtd )\du <e R/2 A(At)l/Z.

Comblnlng this with the Gibbs tail (29) gives P(R; > t) < et/ 2/ Crube exp( ‘“‘be ty) and hence

(by a union bound)
2
IP’( max R; > t) < M €7/ \/Ciube exp( — “‘éﬁg)

1<i<M

Integrating this tail bound exactly as above (splitting at ¢ := , /=22 log(1 + M)) yields (32)). The

Ctube
same argument with the identity

IE{ max RQ} —2/ tIP’( max Rizt)dt
1<i<M 0 1<i<M

and the same splitting point ¢{, gives (33) (again with adjusted constants). ]
F.3 Interpreting the remaining terms in (20)

Step 5: empirical + mixing + discretization decomposition. To interpret W1 (s, ), introduce
the law v/ ., of a finite-step ULA/LMC chain and its stationary law 13, so that

Wi (Dar, py) < W1</V\M,V$\,T,h>+W1(V0>\,T7hvyg\7h)+W1(V$\,h?ﬂé\)'

empirical mixing discretization
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Step 6: Gibbs/superquantile bias on the manifold (typical rate). Define the Gibbs/superquantile

bias

Eaibbs(05 A, 0) := SQF™ (£(0, X); X ~ py) — f(0,2%()).
Under the manifold regularity assumptions in [Masiha et al., 2025], this bias is controlled by an
intrinsic tail term and a tube-width term.

Lemma F.6 (Superquantile-Gibbs bias (typical rate)). Assume the setting of Appendix[Fland that
x> f(0,x) is Ly 1-Lipschitz. Then, under the manifold regularity assumptions in the Superquantile—
Gibbs analysis of [Masiha et al.} [2025]], there exist constants C7, Cy > 0 such that for all sufficiently
small A\ > 0 and all § € (0,1),

A
0 < eaibbs(0;1,0) < C18Y*+ Oy g

F.4 Converting the on-manifold gap to distance (link to local identifiability)

Step 7: Quadratic growth on S(6) from nondegeneracy. To convert an on-manifold value gap
into a distance bound, we use a local growth inequality for the restriction of f(6, -) to the manifold
S(0) around its optimistic minimizer z*(6). The next lemma shows that, in our setting, this holds
automatically with a quadratic exponent whenever the constrained minimizer is nondegenerate.

Lemma F.7 (Quadratic growth on S(6) implied by Assumption[3). Fix 6 and suppose that f(0,-) is
C? in a neighborhood of S(0) and that z*(0) € S(0) satisfies Assumption|3|(nondegenerate local
minimizer on the manifold). Then there exist constants cng > 0 and 1o > 0 such that for all x € S(0)
with dsg) (z, 2*(0)) < ro,

f(0,2) = f(6,2*(0)) > cng ds(o)(z,2%(0))>. (34)

Proof. Let M := S(6) be the embedded submanifold with the induced Riemannian metric, and
define the restriction f : M — Rby f(z) := f(6,x). Since f(6,-) is C* on a neighborhood of M
and M is C? embedded, f is C? on M.

By Assumption |3} z* := 2*(0) is a (local) minimizer of f on M, so the Riemannian gradient
vanishes: grad ,f(z*) = 0. Moreover, the Riemannian Hessian of f at 2* is positive definite on
T+ M. Define its minimal eigenvalue

= mi H f(a* 0.
m vﬁ?lrlfl/\/l (v, Hessp f(2*)[v]) >
v||=1

Since Hess v f is continuous, there exists a neighborhood &/ C M of z* such that for all y € I/ and
allw € TyM, -

(w, Hessp f(y)lw]) = % [lw]. (35)
Let 7o > 0 be such that the geodesic ball By (2*; () is contained in U.
Fix any x € M with da(x,2*) < rg. Since M is compact (and hence complete), the Hopf—Rinow
theorem guarantees the existence of a minimizing geodesic 7 : [0, 1] — M from z* to z. See, e.g.,

[Leel 2006, Hopf—-Rinow Theorem]. Parameterize -y at constant speed so that ||¥(¢)|| = dam(x, 2*)
for all ¢ € [0, 1]. Because + is minimizing, ([0, 1]) C Bm(2*;79) C U.

Define ¢(t) := f(7(t)). Then ¢'(t) = (grad o, f(y(t)),¥(t)) and in particular ¢'(0) = 0. Differen-
tiating once more and using that +y is a geodesic yields the standard identity
¢"(t) = (3(t), Hesspd f(v(1)[3(1)])-
Therefore, by (33)) and constant speed,
¢"(t) = B®I* = Fdm(z,a*)® Ve (01].

Using ¢’(0) = 0 and the integral form of Taylor’s theorem,
1

6(1) — §(0) = / (1— 1) ¢"(t)dt > / (1= 1) 2 dpg (o, %) dt = 2 dpg(r, %)%,

0
Recalling ¢(1) = f(x) and ¢(0) = f(x*) gives with ¢cpg == m/4. |
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Step 7b: A uniform version over ©. Under the global Assumption [3] the quadratic growth
constants can be chosen uniformly over ©.

Lemma F.8 (Uniform quadratic growth on S(0) over ©). Assume the setting of Section 5] and let
x* : © — R? be the global C* selection obtained by patching the local branches from Theorem

under Assumption|3| Then there exist constants cng > 0 and ro > 0 such that for all 6 € © and all
x € §(0) with dsgy(x, 2*(0)) < ro,

f(0,2) = f(0,2%(0)) > cng ds(o)(z, 2" ().

Proof. Foreachf € ©,let My := S(0) and define the restriction fp : My — Rby fo(z) := f(6, ).
By the global consequence of Theorem under Assumption for every 6 € © the point 2* () is
the (unique) minimizer of fy on My, and the Riemannian Hessian of fy at 2*(6) is positive definite
on 7+ (9)/Me. Define the minimal eigenvalue

0) = i , Hesspq, fo(x*(0 > 0.
m(®) = i (v, Hess i, fo(z*(6))[v])
llvll=1
Since z*(+) is continuous and the Riemannian Hessian depends continuously on (6, ), the map
6 — m(0) is continuous on the compact set ©. Therefore m;, := mingece m(6) > 0.

By continuity of the Riemannian Hessian and compactness of O, there exists ¢ > 0 such that for all
6 € ©,ally € Mgy with dpy, (y, 2*(6)) < 7o, and all w € Ty My,

(w, Hessa, fo(y)[w]) > g fJw]®.

Fix any 0 € © and © € My with da, (z,2*(0)) < ro. Smce My is compact, the Hopf—Rinow
theorem yields a minimizing geodesic v : [0, 1] — M from x (9) to x. Parameterize y at constant
speed so that ||¥(t)|| = dam, (z,2*(0)) for all t € [0,1]. As in the proof of Lemma [F.7| define

o(t) = Jo(y(t)). Then ¢/(0) = 0 and
O"(t) = (3(t), Hesspa, fa(y (D)) = 24 dpg, (,2*(60))2,

so the same integral argument yields

F0.2) = f(8,27(0)) = &(1) = 6(0) > "= dg, (2,27(6))*.
The claim follows with cpg := Mmin/4. [ |
Step 8: controlling E|z — 2*(6)||? without assuming locality. The quadratic growth bound from
Lemmaonly applies within a geodesic neighborhood of radius ry around z*(6). To remove the
explicit restriction dgg) (T, 2*(0)) < ro, we use a value gap away from this neighborhood.

Lemma F.9 (Bounding E||z — 2*(6)||* without a locality condition). Let (cng,70) be the constants
from LemmaF:8and define

Sro(0) :={z € S(0) : ds(oy(x,2*(0)) > 0}, A, = eigg melgjn(e) (f(6,2) — F(9)),

and assume A, > 0. Then for any 0 € O,

1 4D?

El|z — 2*(0)]|% < +
o= @) < ( N

Proof. Fix 6 € O and define the suboptimality gap A(Z) := f(0,z) — F'(§) > 0. Consider the
event A := {A(Z) < A, }. By definition of A, on A we must have dg)(Z,2*(f)) < 70, s0
Lemma [F8| gives

) E[f(6.7) — F(0))].

0

. A(2)\ /2
dso@at®) < (22) .
Chg
Since the ambient Euclidean distance is bounded by the geodesic distance, this implies ||z —z*(0)]|? <
A(Z)/cng on A. On A¢, use ||z — 2*(0)]|? < 4D? (since S(0) C B,4(0; D)). Therefore,
1 .
Ellz —2*(0)||> < —E[A(z)] + 4D*P(A°).
Chg
Finally, P(A°) = P(A(Z) > A,,) < E[A(Z)]/A,, by Markov, yielding the claim. [ ]
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Step 9: Final expected squared distance bound for the selected point. We now assemble the
previous steps into a single bound on the squared (Euclidean) selection error E||Z — z*(6)]|2.

Corollary F.10 (Expected squared selection error). Fix § € O and let x*(0) denote the unique
minimizer of f(0,-) over S(0). Assume in addition that 11} satisfies a Poincaré inequality with

constant at most Cpy. Let X1, ..., X be independent candidates with marginal laws v+, . .., vy,
and define
2 A
€% := max Rso(y; .
R BT, 2(villpg)

Let ¥ € argminy<;<ar f(0, X;) be the hard-selection output. Then

E||Z — 2*(0)|> < 2Ciupe2 e*/% Alog(1 + M)

1 4D?
T 2( +x > <2Lf,1 Chube VA log(1+ M) + Cy M~Y* 4 4Ly /M Cpy (e — 1)1/2>.
T0

Chg
(36)

Proof. By the Poincaré assumption and (38)), each candidate law satisfies
Wi (v, 1) < 2037 (5% — 1)/,
By the Euclidean triangle inequality and (a + b)? < 2a? + 2b?,
|12 == (O)* < 2|7 - 2I* + 2|z — 2*(0)* = 2dist(z, S(9))* + 2l|z — 2™ (0)||*.
Taking expectations and applying (33) from Lemma [F3] gives
E||Z — 2*(0)|> < 2Ciupe.s €7/ Mog(1 + M) + 2E||z — 2*(0)[|.
Then Lemma[F9] yields

1 4D2
El|z — 2*(0)|2 < | — +
| @l _<Chg A

) E[f(6,z) — F(0)].
Finally, ZI) from Lemma[F.3|bounds the remaining value gap by

E[£(0,%) — F(6)] < 2L7.1 Cuupe v/Mog(1 + M) + Cy M~V 4 4L ;1 /M Cpy (55 — 1)/,
which gives (36). ]
Step 10: Quantitative LMC mixing control via Rényi divergence. We restate a quantitative

order-2 Rényi mixing bound for LMC from Masiha et al.[[2025] Prop. 5.6] and record its implication
for Wasserstein error under a Poincaré inequality.

Proposition F.11 (LMC convergence in order-2 Rényi divergence [Masiha et al., 2025/ Prop. 5.6]).
Consider the unadjusted LMC iteration

XM = XF _ hVG(XF) +V2ReEF, €8 ~ N(0, ),

targeting 7(dz) o« e~¢@ dx. Assume VG is Lg 2-Lipschitz and that 7 satisfies a Poincaré
inequality with constant Cpy. Let [i,, be the law of X™. Then for any sufficiently small € (0,1) and
an appropriate stepsize choice (as required by the LMC theory), one can ensure Ry (fi,|7) < 2
after

n = O(ChiLEde2(Ra(iiolm)? +10g>(1/2)) ) (37)

iterations, where Rgy(-||-) denotes the order-q Rényi divergence. Moreover, using the inequality
relating Wy and Ro under a Poincaré inequality, we obtain

Wa(fin, ) < 2042 (Relnlm _1)1/? < 9 0lf2 01/2, (38)

where one may take the numerical constant C' := 2(61/2 —1).
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Corollary F.12 (Specialization to Gibbs sampling (Rényi accuracy implies Wasserstein control)).
Apply Proposition |F.11|with G(z) = g(0,x)/\ and © = pp. Then Lg 2 = Ly 2/ and the ULA
update

XHH = X% — hV,9(0, X*) + V2Ah &F
corresponds to the LMC scheme with stepsize h' = A\h for G. In particular, for any target Rényi
tolerance e € (0,1), running the chain for

n = O(dCE A2 ex?) (39)
iterations (where O(-) hides log(1/eR) and the dependence on Rs(fio |12p)) ensures

Ry(finluy) < ek,

and therefore
Wo (i, ) < 20;,{2 (65% — 1)1/27 and hence Wi (fin, ) < 26’11,{2 (es%*‘ — 1)1/2.

Plug-in form. With Proposition[F.TT]and Corollary [F.12] one can run the sampler until the candidate
laws satisfy Ry (v;|)) < 2 and hence Wa (14, 1) < Cp12(e¥h — 1)1/2. This yields an explicit
end-to-end bound on E||Z — 2*(6)]||? in terms of: (i) the number of candidates M, (ii) the Gibbs
temperature A, (iii) the achieved Rényi tolerance e through both the tube term and the additive
VM Cpi(efh — 1)1/2 contribution, and (iv) the on-manifold approximation term M ~1/%,

F.5 Bounded curvature from analytic regularity of ¢

This subsection proves the second fundamental form bound used in the volume comparison arguments
of [Masiha et al|[2025] e.g., Lem. 4.1] from the analytic assumption on g stated in Assumption 2]
Note that Assumptionis stronger than the baseline C?/L,, 5-smoothness in Assumption E} it also
controls how V2 _g(6, -) varies with z (via a uniform bound on V2__ ¢ in a tube around S(6)).
Proposition F.13 (Bounded second fundamental form under Assumption[2). Let Assumption 2] hold
and fix any 0 € ©. Then the second fundamental form 11 of S(0) satisfies
Lys
sup L, lop < —22
z€S(0) c
In particular, since (c, p, Lg 3) in Assumption 2| are uniform over 6 € ©, we obtain a uniform
curvature bound over the family {S(0)}yco.

Proof. Fix 6 and abbreviate S := S(). Let H(x) := V2_g(0,z). Fix x € S and unit tangent
vectors u,v € T.7. Choose a C? curve 7 : (—¢,¢) — S with (0) = x and §(0) = v, and choose a
C! tangent vector field U(-) along v with U(0) = wand U(t) € 7;0@).

Since U(t) € ker H(~(t)) = 7;9(15) for all ¢, we have H(vy(t)) U(t) = 0. Differentiating at ¢t = 0
gives

d

Z(HO@)UD)|

where D, H () denotes the directional derivative of the Hessian in direction v. Let Pyro denote the

0 (D H(x)) u+ H(x)U(0),

orthogonal projection onto the normal space V. Since H(x) is symmetric and ker H(z) = T/,
we have range(H (x)) = (T)* = N and hence Py H(x) = H(x)Pyro. Applying Pyre to the
display above yields

H(z) PxoU(0) = — Pyo(DyH(z)) u.
By the definition of the second fundamental form of an embedded submanifold in Euclidean space,
I, (v,u) = PNfU (0). Restricting H () to /Y and using the uniform normal spectral gap gives

(w0l < [ (H@le) ™ | (OoH ) ull < < [[(DuH@) ul|

Finally, by the bounded third derivative assumption, ||(D,H (z)) u|| < ||V2,,9(0,2)|opllv|l Jull <

Lyg.3. Therefore ||IL, (v, u)|| < Ly 3/c for all unit u,v € T,?, and taking the supremum over x € S
yields the claim. |
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G Experimental details

G.1 Common protocol

Metrics. For data hyper-cleaning we report accuracy (% correct). For imbalanced loss tuning we
report balanced accuracy (macro recall), i.e., the average of per-class recall, reported as a percentage.

Confidence intervals. All tables/plots report mean + 95% confidence intervals across independent
seeds, using a two-sided t-interval.

Time budget. Time-budget plots measure wall-clock elapsed time of each algorithm and compare
methods at fixed per-algorithm budgets.

G.2 Data hyper-cleaning (MNIST)

Data and corruption. We draw 15,100 examples from the MNIST training split and randomly
partition them into n¢, = 5,000 (lower-level train), n,,; = 100 (clean validation), and n¢est = 10,000
(test). We corrupt a fraction p € {0.4,0.6,0.8} of the fraining labels uniformly at random; validation
and test labels remain clean.

Model and optimization. All methods use the same 2-layer MLP (hidden size 300) and AdamW
in both the lower and upper levels.

Budgets and runs. For the time-budget results in Table|l|and fig. [2| we use a fixed budget per
algorithm on a single NVIDIA H100 GPU (60s for p € {0.4,0.6}; 120s for p = 0.8) and report
results over 5 independent runs per p.

G.3 Parametric loss tuning for imbalanced data

Data and imbalance. We use MNIST and form an imbalanced lower-level training set by keeping
a training example of class y with probability p(y) = b¥ (with b = 0.3). The upper level uses a small
class-balanced validation set (100 examples in our main setting), creating a train—validation mismatch:
the lower level sees an imbalanced class distribution while validation/test are class-balanced.

Model and optimization. The follower is a CNN classifier and the upper-level variables are class-
wise logit shift/scale parameters (6,v) € R1? x R1? (implemented via bounded reparameterizations).

All methods use AdamW updates for both levels.

Budgets. The time-budget results in Table[2]and fig. [3use a fixed wall-clock budget per algorithm
on a single NVIDIA H100 GPU (120s per algorithm) and 3 independent runs.
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